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Abstract This paper examines the dynamics of large-scale overturning circulations in the tropical atmos-
phere using an idealized zonally symmetric model on the equatorial f-plane. Under certain simplifications
of its coefficients, the elliptic partial differential equation for the transverse circulation can be solved by first
performing a vertical transform to obtain a horizontal structure equation, and then using Green's function
to solve the horizontal structure equation. When deep diabatic heating is present in the Intertropical Con-
vergence Zone (ITCZ), the deep Hadley circulation is of first-order importance. In the absence of deep dia-
batic heating, the interior circulation associated with Ekman pumping cannot penetrate deep into the
troposphere because the resistance of fluid parcels to horizontal motion (i.e., inertial stability) is significantly
smaller than their resistance to vertical motion (i.e., static stability). In this scenario, only a shallow Hadley
circulation exists. The shallow overturning circulation is characterized by meridional velocities as large as 7
m s~ at the top of the boundary layer, in qualitative agreement with observations in the tropical eastern
Pacific. The meridional asymmetry between the winter and summer deep and shallow Hadley cells is attrib-
uted to the anisotropy of the inertial stability parameter, and as the ITCZ widens meridionally or as the forc-
ing involves higher vertical wave numbers, the asymmetry between the winter and summer cells increases.

1. Introduction

Zhang et al. [2004] have presented comprehensive observations of shallow meridional overturning circula-
tions in the tropical eastern Pacific. As illustrated in Figure 1, this shallow overturning circulation resembles
the deep Hadley circulation in many respects, but its cross-equatorial return flow is located just above the
top of the boundary layer instead of just below the tropopause. Schneider and Lindzen [1977], Tomas and
Webster [19971, and Trenberth et al. [2000] emphasized the importance of shallow overturning circulations in
the tropics before the observations in Zhang et al. [2004].

Schneider and Lindzen [1977] illustrated a large-scale overturning circulation confined below 800 hPa forced
by a zonally symmetric sea surface temperature (SST) distribution. They explain that the circulation is con-
fined to the boundary layer due to the vertical variation of small-scale turbulent mixing that they assumed.
Tomas and Webster [1997] suggested that a shallow divergent circulation exists in all tropical ocean basins,
but is most prominent in basins such as the eastern Pacific, where cross-equatorial SST gradients are strong-
est. They describe the shallow overturning circulation as a secondary circulation that acts to advect absolute
vorticity across the equator, allowing the Intertropical Convergence Zone (ITCZ) to form off of the equator.
Trenberth et al. [2000] performed an Empirical Orthogonal Function (EOF) analysis on the divergent part of
the tropical wind field in the National Centers for Environmental Prediction-National Center for Atmospheric
Research (NCEP-NCAR) and European Centre for Medium-Range Weather Forecasts (ECMWF) global model
reanalysis products in the tropics. The first EOF mode represented deep overturning circulations, while the
second EOF mode represented shallow overturning circulations. Shallow overturning circulations were pres-
ent in the eastern Pacific, west Africa, the Atlantic, North America, and South America. Yin and Albrecht
[2000] also provided observations of shallow overturning circulations in the eastern Pacific (90 —150 W)
using the First Global Atmospheric Research Program (GARP) Global Experiment (FGGE) dropsonde sound-
ing data.

Motivated by the observations of Zhang et al. [2004], Nolan et al. [2007] interpreted the shallow overturning
circulation in the eastern Pacific as a large-scale sea breeze circulation, driven by anomalously large north-
south SST gradients when deep convection is absent in the ITCZ. The ITCZ of the eastern Pacific is an area
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equator, leading to a cross-

% ;;:.km equatorial southerly flow in the
boundary layer. The ITCZ region
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has larger thicknesses between
pressure levels since it is warmer,

) ) ) o which leads to a reversal in the
Figure 1. Schematic cross section of the deep (dashed lines) and shallow (solid lines) L )
meridional circulations in the tropical eastern Pacific. Adapted from Zhang et al. [2004, meridional pressure grad'ent and
Figure 1], © American Meteorological Society, and used with permission. an associated shallow northerly

return flow just above the
boundary layer. Equatorial regions with significant large-scale cold tongues, such as the eastern Pacific, and
coastal regions with land-ocean contrasts, such as west Africa, exhibit large enough surface temperature
gradients to have this meridional pressure gradient reversal. Zhang et al. [2008] classify shallow overturning
circulations into two types: (i) the maritime ITCZ type (e.g., the eastern Pacific) and (ii) the summer monsoon
type (e.g., west Africa). They also note that shallow overturning circulations have a seasonal cycle, can be
located on either side of the ITCZ, and have distinct vertical structures.

10°S Equator

The purpose of the present paper is to discuss several other dynamical aspects, which, in addition to surface
temperature gradients, appear to play an important role in understanding shallow overturning circulations.
The main dynamical aspects discussed here are: (i) diabatic heating in the inviscid interior of the ITCZ; (ii)
Ekman pumping out of the boundary layer in the high positive vorticity region of the ITCZ; and (iii) low iner-
tial stability in the equatorial region, causing the winter Hadley cell to be stronger than the summer cell in
response to both diabatic and frictional forcings.

Such ideas are similar to those considered by Schubert and McNoldy [2010], who studied Ekman pumping at
the top of the boundary layer in tropical cyclones. They illustrated the existence of shallow overturning cir-
culations with return flow just above the top of the boundary layer in tropical cyclones of varying strengths
using an axisymmetric model on the f-plane. The analogous model in the ITCZ is a zonally symmetric model
on the equatorial -plane, which will be used in this study.

As we will see, the zonally symmetric model equations help explain both shallow overturning circulations
and the deep Hadley circulation, therefore they are useful in discussing both circulations in the context of
one theory of large-scale flows in the ITCZ. There are two schools of thought in modeling flows in the ITCZ.
The first involves an assumption of monthly or longer time scales, as shown by Schneider and Lindzen
[1977], Held and Hou [1980], Lindzen and Hou [1988], and Hou and Lindzen [1992]. The model used in this
study focuses on the second school of thought, in which the zonal velocity and temperature fields are tran-
sient, as explored by Hack et al. [1989], Hack and Schubert [1990], Nieto Ferreira and Schubert [1997], and
Wang and Magnusdottir [2005]. If the zonal flow is balanced in the sense that it is continuously evolving
from one geostrophically balanced state to another, then the meridional circulation is determined by the
solution of a second-order partial differential equation in the (y, z)-plane [Eliassen, 1951]. According to this
“meridional circulation equation,” the stream function for the meridional and vertical motion in the inviscid
interior is forced by the meridional derivative of the diabatic heating and the Ekman pumping, and is
shaped by the static stability, baroclinicity, and inertial stability. Although solutions of the meridional circula-
tion equation generally yield meridional and vertical velocities that are much weaker than the zonal veloc-
ity, the meridional and vertical directions are the directions of large gradients, so the relatively weak
meridional circulation is crucial for the temporal evolution of the zonal flow.

The paper is organized in the following way. In section 2, the balanced zonally symmetric model and the
associated meridional circulation equation are presented. Section 3 introduces a vertical transform that con-
verts the meridional circulation equation into a differential equation for the y-structure of the circulation. In
section 4, the differential equation in y is solved using the Green’s function. Section 5 discusses the deep
overturning response associated with diabatic heating in the ITCZ. Section 6 discusses the shallow overturn-
ing response due to Ekman pumping at the top of boundary layer in the absence of diabatic heating. In sec-
tion 7, solutions describing the asymmetry between the winter and summer Hadley cells are presented.
Concluding remarks are discussed in section 8.
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2. Model Equations

Consider zonally symmetric balanced motions in a stratified and compressible atmosphere on the equato-
rial f-plane. Only the flow in the inviscid interior (i.e., above the 900 hPa isobaric surface) is explicitly mod-
eled. Frictional effects are represented through the specification of the Ekman pumping at the top of the
boundary layer, z= 0. This nonzero lower boundary condition will be discussed later in this section. As the
vertical coordinate, z=Hln (po/p) is used, where p, = 900 hPa, Ty = 293 K, and H = RT,/g = 8581 m. This
study considers the case of weak horizontal flow and weak baroclinicity (i.e., the v(du/dy) and w(du/0z)
terms in the zonal momentum equation and the v(9T /dy) term in the thermodynamic equation are
neglected). These simplifications allow us to construct analytical solutions of the problem. As will be seen,
these analytical results agree well with the numerical results obtained by Hack et al. [1989], who did not
assume weak horizontal flow and weak baroclinicity and whose elliptic equation coefficients for static stabil-
ity, baroclinicity, and inertial stability do not contain approximations.

Under these assumptions, the governing equations for balanced zonal flow are of the form

0
S Bv=o. (1)

99 _
oy

o _g
9z To <

Pyu+

v ow w_,
dy 0z H 7

—+ 2 Nw=— (%)

where u and v are the zonal and meridional components of velocity, w is the log-pressure vertical velocity,
¢ is the perturbation geopotential, T is the perturbation temperature, § = 2Q/a is the constant northward
gradient of the Coriolis parameter, Q and a are the Earth’s rotation rate and radius, Q is the diabatic heating,
and N?(z)=(g/To)[(dT /dz)+ (kT /H)] is the square of the buoyancy frequency, which is computed from the
specified mean temperature profile T (z). Equations (1-5) constitute a system of five equations in the six
unknowns u, v, w, ¢, T, Q, so an additional “parameterization” relating Q to the other unknowns is required
for closure. In order to simplify the problem, Q will be prescribed.

Equations (1-5) can be combined in such a way as to obtain a single equation for the stream function of
the meridional overturning circulation. We begin the derivation by multiplying the zonal wind equation (1)
by By and the thermodynamic equation (5) by (g/To), and we make use of the geostrophic equation (2) and
the hydrostatic equation (3), thereby obtaining

9 (99 | g2,
6y(8t)+ﬁyv 0, 6)
0 (0¢ 2 9
e (E) +N-w= oo Q. (7)

Eliminating (0¢/0t) between (6) and (7) results in

ow ov g 0Q
2V p2 277 _ J T
N Oy Ky 0z ¢To 0y’ (®)

Equations (4) and (8) can now be regarded as a closed system in v and w. One way of proceeding from this
system is to make use of (4) so that the meridional circulation (v, w) can be expressed in terms of the stream
function . The formulas that relate (v, w) and  are
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In order to obtain a single equation in (y,zt), we substitute (9) into (8). This procedure yields the partial differ-
ential equation given below in (10). Assuming that v — 0 as y — *oco and that w vanishes at the top bound-
ary (z = zy), the boundary conditions given below in (11) and (12) are obtained. Since this study is concerned
with Ekman pumping effects on the fluid interior, the actual vertical velocity (i.e., the physical height vertical
velocity) is specified at the lower isobaric surface z = 0. Even though the lower boundary condition should be
applied at a fixed physical height, Haynes and Shepherd [1989] suggest that the errors associated with assum-
ing a value for the physical height vertical velocity on an isobaric lower boundary are minor compared to
those associated with assuming a value for the log-pressure (or just pressure) vertical velocity on an isobaric
lower boundary. The appropriate linearized version of the lower boundary condition used here is

o _ N

ot ga =gW at z=0,

where W(y, t) is the specified physical height vertical velocity at z = 0. Equation (6) must be used to elimi-
nate (O¢/0t) and thereby express the lower boundary condition in terms of the stream function. From (6),

ANy
8y<)ﬁ2 =0 at z=0.

Eliminating (0¢/0t) from these last two relations, we obtain the lower boundary condition given below in
(13). In summary, the meridional circulation problem is

0? 1// o g 0Q

2 /H 122 /H __9 0@
Ne Fy 0z (ez 82) pTo Oy (10)

with boundary conditions
Yy —0asy — *oo, (1
Y=0 at z=2zr, (12)
o, 2O OW

gay2 +p%y %2 98 at z=0. (13)

Note that the diabatic forcing appears through the right-hand side of the interior equation (10), while the
Ekman pumping appears through the right-hand side of the lower boundary condition (13). Also, note that
N? is a measure of the static stability and %y? is a measure of the inertial stability, which both act as shaping
parameters. Baroclinicity is also a shaping parameter, but it does not appear because of the simplifications
introduced in (1-5).

The meridional circulation problem (10-13) can be written in a slightly simpler form by defining fb(y,z, t)
and Q(y,z,t) as

Yy, z, )=y, z,t)e/?H,
O(y, z, t) =Q(y7 z, t)e*Z/ZH.

Using (14) in (10-13) the diagnostic problem is written in the form

*y H g 9Q
2 2.2 =7 7=
N oy TPy (822 a2 ) T dy” 15)

with boundary conditions
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Yy —0asy— *oo, (16)
Y =0 at z=z7, (17)

PU a0 b\ ow
952 THY (82 2/—/) —9, 0 (8)

Note that (15) has a convenient form because of the absence of the 7" factors. The elliptic problem (15-
18) indicates that the meridional circulation is forced by the y-derivative of the interior diabatic heating,
0@/(‘)y, and by the y-derivative of the Ekman pumping, &/ /dy, and is shaped by the static stability N* and
the inertial stability ?y°. Because of the linearity of the problem and the associated superposition principle,
the two forcing effects will be treated separately, with deep diabatic heating discussed in section 5, and the
upward penetration of Ekman pumping discussed in section 6.

3. Vertical Transform of the Meridional Circulation Equation
Solutions of (15-18) are computed via the vertical transform pair

00

y,zt Z ), (19)
Uy, )féj U (y,2,t) Zm(2)N* (2)dz 1 (y, 0, ) 2 (0). (20)

In other words, the stream function 1/>(y, z,t) is represented in terms of a series of vertical structure func-
tions Z,,(z), with the coefficients i/ (v, t) given by (20), where m refers to the vertical modes. The reason
for the last term in (20) arises from the lower boundary condition (18), as will become apparent shortly. The
vertical structure functions Zp,(z) are solutions of the Sturm-Liouville eigenvalue problem
P2y Zp_ NZn o
dz2  4H? ghm
Zn=0 at z=2zy, (22)

dZ, Zn = Zn
— = tz=0 23
dz  2H  h, N 3)

with eigenvalues (or equivalent depths) denoted by h,,,. These equivalent depths correspond to the solution
of the Sturm-Liouville eigenvalue problem (21-23), where the eigenfunctions are denoted by Z,,(z). For
N?(z) > 0, the solutions of the Sturm-Liouville problem have the following three properties [Fulton and Schu-
bert, 1985]: (i) The eigenvalues h,, are real and may be ordered such that hg > hy > --- h,, >0 with h,,, — 0 as
m — oc; (i) The eigenfunctions Z,,(z) are orthogonal and may be chosen to be real; and (iii) the eigenfunc-
tions Zp,(z) form a complete set. A discussion of the transform pair (19 and 20) is given in Appendix , along
with a proof of properties (i) and (ii). The derivation of the solutions to the eigenvalue problem (21-23) for
the special case of constant N as well as a proof of property (iii) are given in Appendix A. The first five verti-
cal structure functions Z,,(z) for the special case of constant N are plotted in Figure 2.

To take the vertical transform of (15), we multiply it by Z,,(z) and integrate in z from 0 to zr to yield

2 7 ) a
/ Zn(e) WY 2Dy £y EnlE)

8_y2J0 U (y,2,t)Zm(2)N? (2)dz + By

2T dZ m m
+ﬁ2y2J0 !//(y’z7 t)( 522(2) _ Z4I_§22))d22 i

Note that the integral originating from f y2(02¢/az ) in (15) is integrated by parts twice. In order to simplify
(24), we use (21) in the third line and then use (17) and (22) to show that the upper boundary term in the second
line vanishes. To evaluate the lower boundary term in the second line, we eliminate dvs /0z by using (18) and

o [7 .
— | Qly,z,t)Zn(2)dz.
] a0z
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then group the resulting az(p/ayZ term with the first line of (24). Similarly, we use (23) to eliminate d Z,,/dz and
then group the resulting Z,/hp, term with the third line of (24). This procedure simplifies (24) to

82 1 zr 5 .
o |5 ]L 020 2n( N @+ 515,0,020(0)

L {1 [ 0020202 @ar+i 0.0 r)zmw)} (25)

9Jo
_ 9
dy

02T t
‘ Q20 2 Azt Wiy, 6)2m(0)] .
Then, with the use of (20), the meridional structure equation becomes

Jo o

PUmyt) _ ¥ - _OFm(y,0)
o7 @lpm(yvt)_aiyv (26)
with boundary conditions
Ym(y,t) = 0asy — *oo, (27)

where the forcing term Fp,(y,t) on the right-hand side of (26) is given by

Fny, 1) =JZT .z, (2)dz+W(y, t) Zm(0), (28)

o Glo

and where the equatorial Rossby length b,, is given by

h 1/4
= (QJ) :9;11/4%, (29)

Lamb’s parameter is defined by ¢, = 4Q°a”/(gh,). The spectra of equivalent depths h,,, equatorial Rossby

lengths b,,, and Lamb’s parameters ¢, for m=0,1,2, ..., 10 are shown in Table 1. Note that the interior dia-

batic heating Q(y, z, t) and the boundary layer pumping W(y, t), which were separate forcing effects in
(15) and (18), have now merged

L T T T T into the single forcing term
P —=m=2 1 Fm(y:0).
| ——m =23 J
m =
10 .
I ] 4, Solution of the
9 1 Horizontal Structure
g 7 1 Equation Via the Green’s
w l Function
J | In order to solve (26) and (27),
the Green’s function G, (y,y’) is
introduced, which is the solution
2r 1 of the ordinary differential
I ) equation
Gy y° Go—— 1 5 y—y'
dy2 a4t " b2\ by )
Figure 2. Vertical structure functions Z,(z) for the external mode m = 0 and the first
four internal modes m = 1, 2, 3, 4. As discussed in Appendix , these vertical structure (30)
functions are solutions of the Sturm-Liouville problem (21-23) with the constant buoy-
ancy frequency N=12 X 10" 2s™ " and z;= 13 km. with the boundary conditions
GONZALEZ AND MORA ROJAS ©2014. The Authors. 6
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Table 1. Information About the First 11 Vertical Wave Numbers?

m him () (ghm)"* (m s ™) by (km) m
0 7099 263.8 (—-) 2400 1241
1 229.8 47.46 (48.27) 1018 3834
2 6142 24.53 (24.65) 732.0 1434
3 27.66 16.46 (16.50) 599.7 3185
4 15.63 12.38 (12.39) 519.9 5636
5 10.03 9.912 (9.920) 465.3 8787
6 6.970 8.265 (8.270) 4249 12,638
7 5.125 7.087 (7.090) 3934 17,190
8 3.925 6.202 (6.204) 368.1 22,442
9 3.103 5.514 (5.515) 347.0 28,394
10 2514 4.963 (4.964) 329.3 35,046

“The spectra of equivalent depths h,,, gravity wave speeds (ghm)]/ 2 (with approximate values in parentheses), equatorial Rossby lengths
bm:[ghm/(4ﬁ2)]1/4, and Lamb's parameters ¢, =4Qa? /(gh,) for the 11 values of m listed in the left column. The values have been com-
puted from (B4) and (B10) using zr= 13 km, g= 9.8 m s~ 2, a = 6371 km, Q=7.292X10°s~' /N=1.2X10"2s"', and H= 8581 m.

Gm(y,y') — 0asy — *oo, (31)

where the Dirac delta function vanishes for y # y’ and satisfies

LI y—y’)
s dy=1. (32)
bmJy_ (bm g

The Green'’s function G, (y,y’) is useful in understanding the meridional structure of the Hadley circulation
since the left-hand side of (30) is equivalent to that of (26). As will be seen, all of the meridional asymmetry
of the Hadley circulation is built into the Green’s function. The Green'’s function Gy, (y,y’) is constructed
from the parabolic cylinder functions D, (x), which satisfy

d’D, 11,
dX2 +(V+§_2X )DVZO. (33)

Note that the order v = —1/2 parabolic cylinder functions D_; ;(y/bm) and D_; /,(—y/bm) are solutions of the
homogeneous version of (30). The functions D_ ,(x) and D4 ;,(—x) are plotted in Figure 3. Only the solution
Gm(y,y")=oD_1/5(—y/bm) is valid for —oo <y < y’, and only the solution Gy, (y,y")=02D_1/5(y/bm) is valid
fory’ <y < oo because of the lateral boundary conditions (31). Note that o4 and o, depend on y,and are
determined by requiring that G, (y, y’) is continuous at y = y/ and that the jump in the first derivative satisfies

dGp,]""
bm {—’"} =—1, (34)
dy Y-

which is obtained by integrating (30) across a narrow region surrounding y = y/, making use of the delta
function property (32), and noting that the narrow integral of the first term left of the equals sign in (30) is
zero. The two algebraic equations for o; and o, can be solved with the aid of the Wronskian

dD—_1/5(—x) dD_1/5(x) —\/3. (35)

O

The Wronskian is derived by multiplying (33) by D, (—x) and multiplying the version of (33) where x — —x
by D, (x), and combining the two resulting equations. Solving for o; and «, using (35) results in

1 [ D-120///bm)D-1/2(=y/bm) if—co<y<y

Gm(y,y')=—= , (36)
( ) \/E{ D7-|/2(_y//bm)D71/2(y/bm) Ify/ Sy < 00.

Plots of G (y,y’) for y’=—1500, =750, 0, 750, 1500 km and m = 0, 1, 2 are shown in Figure 4. Note that,
as m increases, the jump in the derivative of Gy, (y,y’) aty =y/ in (34) increases since b,, decreases.
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Therefore, the Green’s function becomes more confined to the region neary = y/ and we expect the
response of the Hadley circulation to become more confined in the meridional direction. Also, note the
meridional asymmetry of the Green’s function between either side ofy' when y’ is placed away from the
equator. Therefore, we expect the Hadley cells to reflect this asymmetry when the ITCZ is placed off of
the equator.

To express the solution y,,,(y, t) in terms of the Green'’s function, we multiply (26) by G, (y,y’), multiply (30)
by ¥ ,,(y, t), and then take the difference of the resulting equations to obtain

9 WOy, D) dGm(y.y)\ _ OFm(y.t) N 1 (y—y
&/(Gm(w)ay Yy, t) dy >— dy Gm(y,y)+¢m(y,t)af><ﬁ). 37)

We now integrate (37) over y, apply the boundary conditions (27) and (31), use the delta function property
(32) and the Green's function symmetry property G, (y',y)=Gn(y,y’), resulting in (39). In summary, the
solution of the meridional circulation problem is

Uiy, z,t)=e N " (y, ) Zm(2), (38)
m=0
where

) —bmJ MGm (y,y')dy'. (39)

l//m( 7t): ay/

The solution for the stream func-

tion is obtained by first calculating

Fm(y', t) from (28), then calculating
10 I I I I I 7

i ] Vo, (y,t) from (39), and finally cal-
L | culating y(y, z, t) from (38).
L 4 Although this procedure generally

8 involves the calculation of two
integrals and an infinite sum, there

D_y /z(x) D_y/e(~x) are two special cases where the
formulas (38 and 39) are consider-

6 ably simplified. One corresponds
to prescribed diabatic heating in
the ITCZ, and the other corre-

4 sponds to prescribed Ekman
pumping at the top of the bound-
ary layer. Making these prescribed
fields step functions in y allows for

2 analytical solutions. These ideal-
ized ITCZ forcings are introduced
in the next two sections.

0 | |

-3 -2 -1 0 1 2 3
Figure 3. Parabolic cylinder functions D_; ,(x) and D_; ,(—x) for =3 < x < 3. The func- 3. Deep overturnlng
tion D5 (x), shown by the blue curve, satisfies the y — oo boundary condition and is Circulations
used to construct the Green's function Gy, (y,y') north of y. Similarly, the function
D_1/2(—x), shown by the red curve, satisfies the y — —oo boundary condition and is Now consider the response to a
used to construct the Green's function Gy, (y,y') south of y'. Because these two parabolic forcing that projects only onto the
cylinder functions are solutions of (33) with v = —1/2, their second derivatives are zero at first i | d di
the equator but become large away from the equator. All the calculations presented here rstinternal mode and is constant
use the Mathematica function ParabolicCylinderD[v, x]. in time. We begin by using (28),
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Figure 4. Green’s functions G, (y,y’) for y’=—1500, —750,0, 750, 1500 km and for (top) m = 0, (middle) m = 1, and (bottom) m = 2. These

curves have been computed from (36). Note that, because of the b, factors in (36), the Green's functions become more confined as the
vertical mode index m becomes larger.

along with the assumption of constant N, to write

— 9Qn(y) ~ 9Q(y,0)
Fm(y)= o ToN? +(W(y) & ToN? >Zm(0), (40)
where
R NZ Zr .
om<y>=5j 0y, 2)Zn(2)dz+Q(y, 0) 2 (0). @)
0

We assume that O(y,z) vanishes everywhere except in the latitudinal range y; <y <y, where y; and y, are
constants that specify the south and north boundaries of the ITCZ. Within the ITCZ, the diabatic heating is
assumed to be independent of y and to have a vertical profile proportional to Z;(z), i.e.,

(42)

R QZ if ,
o(y,z)={o 1(2) ifyr <y <y

0 otherwise ,

where Q will be given later. In addition, we assume that the vertical velocity at the top of the boundary layer
is given by

_gQ(y,0)

Wly)= TN (43)

Since we would like to use the vertical structure of only the first internal mode Z;(z) as the vertical struc-
ture of the prescribed diabatic heating and the vertical structure of the first internal mode is nonzero at the
top of the boundary layer (Figure 2), there has to be a nonzero W at z= 0.
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Using these assumptions in (40) and (41), and then making use of the orthonormality relation (A2) we
obtain

O 1 ifm=1and y; <y <y,
9Q { N<y<y )

y)=
" ToN? | o otherwise .

Many tropical regions have more complicated vertical diabatic heating profiles, such as the eastern Pacific,
where heating profiles are more “bottom heavy” than the Z;(z) profile, as illustrated in the studies of Wu

et al. [2000], Wang and Magnusdottir [2005], Zhang and Hagos [2009], Takayabu et al. [2010], and Ling and
Zhang [2013]. Due to this, the assumption that the diabatic heating is deep and made up of only the first
internal mode is only meant to represent one aspect of heating in the tropical atmosphere, and it is the sim-
plest case since it can be represented using only one vertical mode.

Use of (44) in (39) now yields

5 < OR (Y / /
b=t 6.0y
YEORY) L, 2T ORY)
==b1Gi(y, ) B—y/dy —b1Gi(y,2) oy dy (45)
Jy,— JYa—
_ gb:Q
LT [G1(y,y2)=Gi(y. )],

where the final line in (45) follows from the fact that the narrow integral across y = y; is [gQ/(c,ToN?)], while
the narrow integral across y = y, is —[gQ/(c, ToN?)]. Use of (45) in (38), yields the final solution

_ gb1é

e B @6y =G )l (46)

w(y,z)
where the Green’s functions G;(y,y;) and G;(y,y,) are given in (36). Equation (46) is quite powerful. It states
that only two Green'’s functions are needed in order to understand the meridional structure of the deep
Hadley circulation. G;(y, y») gives the meridional structure of the stream function attributed to the jump in
the diabatic heating at the north edge of the ITCZ, while G;(y, y;) gives the meridional structure of the
stream function attributed to the jump in the diabatic heating at the south edge of the ITCZ. All of the infor-
mation about meridional asymmetries between the winter and summer deep Hadley cells is contained in
these two Green'’s functions. The solution (46) can also be written in the form

gb1é ~z/2H
=_9N% g
Wy, z) cpToNzﬁe 1(2)
[D-1/2(y2/b1)=D—1/2(y1/b1)]D-1/2(—y/b1) if —oo <y <y, 47)
X< D_q/2(y2/01)D-1/2(=y/b1)=D—1,2(=y1/b1)D—1/2(y/b1) ify1 <y <ya,
[D_1/2(=y2/b1)=D—1)2(=y1/b1)]D—1,2(y/b1) ify, <y < oo.

With these assumptions, the (9Q/dy)-term on the right-hand side of (15) vanishes everywhere except along
the edges of the ITCZ, where it becomes infinitely large over an infinitesimally thin layer. Thus, the circula-
tion in the (y, 2)-plane consists of a counterclockwise overturning cell on the southern edge of the ITCZ and
a clockwise overturning cell in the northern edge of the ITCZ looking from east to west. Figure 5 shows
these circulation cells via isolines of y/(y,z) computed from (47) using the parameters z;= 13 km, N=1.2 X
107257, (1, y2) = (0, 500), (500, 1000), (1000, 1500), (1500, 2000) km, and assuming that Q=(c,/B;) 5K
d~', where B, is derived in Appendix B. The cross-equatorial cell, or winter cell, is significantly stronger than
the summer cell, which is limited to the summer hemisphere. As the ITCZ is displaced further away from
the equator, the meridional asymmetry between the winter and summer cell increases in Figures 5a-5c,
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Figure 5. Contoured stream function ¥(y, z) and shaded Q(y.z)e’z/"’/cp fields for four deep diabatic heating cases: (a)

(v1,¥2)=(0,500) km, (b) (y1,y>)=(500,1000) km, (c) (y1,y2)=(1000, 1500) km, and (d) (y,y>)=(1500,2000) km. The contour interval
for Y(y,2) is 400 m* s, the maximum (magnitude) of y(y, 2) is 2852 m* s, and the zero line is of double thickness. The Q(y,z)e /" /c,
shade interval is 0.5 K d ', and the maximum (magnitude) of the diabatic heating is 3.496 Kd ™.

and decreases slightly in Figure 5d. The asymmetry between the two cells is attributed to the meridional
asymmetry of the inertial stability parameter, f°y*. The winter cell is located in a region where %y is either
zero or close to zero, minimizing the turning due to the Coriolis force. When the ITCZ is far enough from the
equator, the winter cell is mostly located off of the equator and can no longer efficiently extend into the
low inertial stability near the equator. Therefore, the mass flux of the winter cell begins to decrease. These
results are in general agreement with the numerical model results of Hack et al. [1989].

The meridional asymmetry between the two cells is also apparent in Figure 6, where 0-3 day parcel trajec-
tories are computed from v(y,z) and w(y,z). The parcel trajectories agree well with Schubert et al. [1991]. The
effects of inertial stability are also apparent in this figure since parcels on the northern edge of the ITCZ
travel relatively high in the vertical direction and parcels on the southern edge of the ITCZ travel relatively
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Figure 6. Parcel trajectories and shaded Q(y, z)e’z/"’/c,, field (same as Figure 5) during the first 3 days for the four deep diabatic heating
displacements mentioned in Figure 5. The arrows indicate the direction of the trajectories inside and outside of the ITCZ.

far in the meridional direction, even though the diabatic heating is constant in the ITCZ. Parcels in the
southern part of the ITCZ feel lower inertial stability than parcels on the northern part of the ITCZ.

The approximate time scale it takes a parcel to complete one full cycle in either the winter or summer Had-
ley cell is 2-3 months. This time scale is at least an order of magnitude larger than the time it takes for the
Hadley cells to equilibrate to the diabatic heating. Note that the zonal velocity is much larger than the
meridional velocity, therefore by the time a parcel makes one meridional revolution it will be located at a
different longitude, possibly having traveled an entire circle of latitude. Also, calculating such a time scale
may be a bit more complicated since combined barotropic and baroclinic instability tends to occur as the
zonal winds evolve.

Figure 7 shows contours of the Ty(y, z) and w(y,2) fields. It is not surprising that w(y,z) is discontinuous in the
meridional direction because the prescribed diabatic heating é(y,z) is discontinuous in the meridional direc-
tion. Although, T,(y,2) is positive and smooth in the meridional direction, even across the edges of the ITCZ. T,
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Figure 7. Contoured perturbation temperature tendency Ty, z) and shaded log-pressure that satisfies the necessary condi-
vertical velocity w(y, z) for the four deep diabatic heating displacements mentioned in tion for combined barotropic and

Figure 5. The T,(y, 2) contour interval is 0.2 K d ', the maximum (magnitude) T,(y, 2) is baroclinic instability. At upper

1.257 Kd ™', and the zero line is of double thickness. The wl(y, 2) shade interval is 1 mm .

s~', and the maximum (magnitude) w(y, 2) is 18.01 mm s~ " levels, the zonal veloaty
increases at a large rate, espe-

cially near the edges of the ITCZ. These upper-level zonal jets can be considered subtropical jets, but are dif-
ferent than jets seen in nature because zonally asymmetric eddies are neglected here.

Another view of combined barotropic and baroclinic instability comes from analyzing the potential vorticity
anomaly. The potential vorticity equation is

dq gy (0 1
7+ = - —
o = \az T H)? (48)
where
__Ou_gBy (O 1
=g Tone\az H)T “9)

is the potential vorticity anomaly. A reversal of the meridional gradient of the total potential vorticity,
Py + g, occurs on the poleward side of the ITCZ in the lower troposphere and on the equatorward side of
the ITCZ in the upper troposphere in Figure 9, agreeing well with Schubert et al. [1991] and Nieto Ferreira
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Figure 8. Contoured meridional velocity v(y, z) and shaded zonal velocity tendency uy(y, z) for the four deep diabatic heating displace-
ments mentioned in Figure 5. The v(y, z) contour interval is 0.4 m s~ ', the maximum (magnitude) v(y, 2) is 2.141 m s~ ', and the zero line is
of double thickness. The uy(y, z) shade interval is 1 m s~ ' per day, and the maximum (magnitude) u(y, 2) is 7.403 m s~ ' per day.

and Schubert [1997]. Thus, the necessary condition for combined barotropic-baroclinic instability is satisfied
[Charney and Stern, 1962]. As the potential vorticity anomaly increases over time, growth rates of unstable
waves are also expected to increase. In this sense, the ITCZ contains the seeds of its own destruction.

6. Shallow Overturning Circulations

While the direct effects of friction are confined to the boundary layer flow in the lowest kilometer, the invis-
cid interior is indirectly affected through the meridional circulation produced by the upward extension of
the Ekman pumping at the top of the boundary layer, as discussed in Holton et al. [1971] and Wang and Rui
[1990]. An estimate of the Ekman pumping at the top of the boundary layer in the ITCZ can be obtained by
considering an idealized equatorial f-plane slab model linearized about a resting basic state of the region
between 900 and 1013 hPa, a region which has the log-pressure depth h;=H1In (1013/900) =~ 1015m. In
this Ekman layer, the dynamics are governed by
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au
a_tb — Byvp=—kuy, (50)
% + Byup=—kvy+ Byug, (51)
8Vb
_hfa_y: (y,O,t)—W(y,—hE,t):W(y, t): (52)

where up(y) and v,(y) are the height independent slab boundary layer velocity components, k is the propor-
tionality constant for the surface stress, JV is the Ekman pumping at the top of the boundary layer (z= 0),
and ug(y) is the height independent geostrophic zonal velocity, which is defined in terms of the imposed
pressure gradient force, d¢(y)/dy, by

ﬂyug:_%- (53)

The first equality in equation (52) results from vertical integration of the Boussinesq form of the continu-
ity equation (4). The second equality in equation (52) is obtained by first noting that w(y,0,t)=—(1/g)
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[0¢(y,0,t)/0t]+W(y,t) and w(y, —hg, t)=—(1/9)[To/T (—he)][0¢(y, —he)/Ot], since the physical height
vertical velocity is assumed to vanish at z= - h¢. Also, note that z < 0 is in the boundary layer and z=0
is the top of the boundary layer. The difference between these last two relations, with the assumption
that Ty /T (—hg) =~ 1, yields the second equality in equation (52), since we assume the geopotential tend-
ency is the same at all heights in the boundary layer.

For slowly evolving flows, the time derivative terms in (50) and (51) can be neglected, and then the resulting
two algebraic equations can be solved to obtain

2,2
Us(y)= (kz’i—;y) 4, (54
k
vu(y)= (ﬁ) ug(y). (55)

As a typical example, y; = 750 km, y, = 1250 km, ugy;) =3.0m s, ugly,) = —3.0m s~ ', and k= 8.3 X
10~ %57, so that equations (54) and (55) yield

Up(y2)=—2.78m s~ vp(y2)=—0.78m s,

(56)
up(y1)=2.46m s~ 1 Vp(y1)=1.15m s 1.
Using the values of v,(y;) and v,(y,) given in equations (56) and (52), we obtain the estimate
1.93ms™! B
Wavez1015m(m) ~4mms! (57)

for the average Ekman pumping in the ITCZ. Note that it is also possible to calculate a value of vertical
velocity at the top of the boundary layer due to other processes. For example, the vertical velocity associ-
ated with boundary layer convergence due to SST gradients can be computed in a similar manner as done
in Stevens et al. [2002] and Back and Bretherton [2009].

Based on the above estimate of Ekman pumping, and in order to isolate the effects of the upward penetra-
tion of Ekman pumping in (26), consider (28) for the case in which O(y,z)=0 and

Wave If y1 <y <ys,
W(y)= ave 1 . 2 (58)
0 otherwise .
Use of (58) in (39) now yields
R (o] dW ]
In) ==bnZn0)] D260,y
N oWy 2 oWy’ 59
L ] e A -2 )
- 6)/ Y2— 6}/

=bmzm(0)wave [Gm(y:Y2)_Gm(y7y1 )]7

where the final line in (59) follows from the fact that the narrow integral across y = y; is Waye, While the nar-
row integral across y =y, is —Woye . Use of (59) in (19), along with (14), yields the final solution

Y(Y,2)=Wave e ?/H ibmzm(o)zm(z) [Gm (Y Y2) =Gm(y, y1)]- (60)

m=0

This equation is a bit more complicated than the formula (46) for the deep Hadley circulation, but still quite
insightful. Equation (60) states that a combination of Green'’s functions, Rossby lengths, and eigenfunctions
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are needed in order to understand the meridional structure of the shallow Hadley circulation. The solution
(60) can also be written in the form

Y(y,2)=Wave e*Z/ZHfjbmzm(o)zm (2)
=0
[D1/2(y2/bm)=D-1/2(y1/bm)ID-1/2(~y/bm) if —oo <y <y,
XS D_1/2(y2/bm)D-1/2(=y/bm) =D-1/2(=y1/bm)D—-12(y/bm) if y1 <y <ya,
[D—1/2(=y2/bm)=D-1/2(=y1/bm)ID-1/2(y/bm) if y, <y < oo.

Using the prescribed Ekman pumping at the top of the boundary layer, the (9WV/dy)-term on the right-hand
side of (18) vanishes everywhere except along the edges of the ITCZ, analogous to the deep diabatic heating
case. Taking the assumed Ekman convergence in the boundary layer into consideration, the circulation in the
(y, 2)-plane consists of a counterclockwise overturning cell on the southern edge of the ITCZ and a clockwise
overturning cell on the northern edge of the ITCZ looking from east to west. Figure 10 shows the top half of
the circulation cells via isolines of y/(y,z2) computed from (56) using the same parameters as for the deep dia-
batic heating case, Wave =4 mms™', and (y1,y,)=(0,500), (500, 1000), (1000, 1500), (1500, 2000) km. The
solutions have been computed using a maximum vertical wave number of m = 500, and only the region up
to z= 3 km is displayed since the solution is negligible above z = 3 km. The meridional overturning circula-
tion is strongly trapped just above the boundary layer because the resistance of parcels to horizontal motion
(i.e, inertial stability) is significantly smaller than their resistance to vertical motion (i.e., static stability). The
mass flux of the winter cell is significantly stronger than that of the summer cell, just like the deep Hadley cir-
culation. As the ITCZ is displaced further away from the equator, the meridional asymmetry between the win-
ter and summer cells increases for all of the displacements due once again to the anisotropy of the inertial
stability.

In order to see the asymmetric nature of the shallow Hadley circulation in more detail, 0-3 day parcel trajec-
tories calculated from v(y, z) and w(y, 2) are illustrated in Figure 11 for the three off-equatorial ITCZ positions:
(v1,¥2)=(500, 1000), (1000, 1500), (1500, 2000) km. For cases in which the ITCZ touches or straddles the
equator (not shown), the numerical convergence of the v(y,z) and w(y,z) fields is slow because the shallow
return circulation is so strongly trapped just above the top of the boundary layer. The approximate time
scale it takes a parcel near the top of the boundary layer in the ITCZ to cross the equator depends greatly
on the displacement of the ITCZ, but is on the order of 7 days in (a) to 2 months in (c).

Figure 12 illustrates contours of vy, 2) for the ITCZ positions: (y1, y2)=(500, 1000), (1000, 1500), (1500, 2000) km.
There is meridional divergence at the top of the boundary layer with maximum meridional winds of 3-7 ms™',
which generally agree with Zhang et al. [2004]. Despite these relatively large values of v(y, z), the response of v(y, 2)
to the Ekman pumping is relatively weak in the southern hemisphere compared to the deep Hadley circulation,
except for Figure 12a.

The cross-equatorial meridional winds at the top of the boundary layer may have implications for moisture trans-
port across the equator, as mentioned in both Zhang et al. [2004] and Nolan et al. [2007]. As the ITCZ migrates
closer to the equator during December to February in the eastern Pacific, the cross-equatorial winds at the top
of the boundary layer increase in the winter cell of the shallow Hadley circulation. These cross-equatorial winds
advect moisture across the equator, and along with warmer SSTs south of the equator, may help in setting up
favorable conditions for an ITCZ south of the equator. Therefore, a double ITCZ is more likely to been seen dur-
ing the months after the ITCZ is close but strictly north of the equator. As the ITCZ north of the equator begins
to migrate poleward again, the cross-equatorial winds at the top of the boundary layer and SSTs south of the
equator decrease, leading to less favorable conditions for an ITCZ south of the equator.

In Figure 13, the vertical log-pressure velocity w(y, z) is contoured for the three ITCZ positions:
(y1,¥2)=(500, 1000), (1000, 1500), (1500, 2000) km. There is rising motion in and near the ITCZ up to

z ~ 2 km, and weak sinking motion away from the ITCZ. As the ITCZ is displaced farther away from the
equator, parcels are pumped to higher levels due to the increase in inertial stability going toward the pole.
Also, note that the T,(y, 2) field has the same structure as w(y, z), but with opposite signs (not shown). There
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Figure 10. Contoured stream function v(y, 2) for the four displacements mentioned in Figure 5. The contour interval is 400 m?s~', the
maximum (magnitude) y/(y, 2) is 1723 m? s, and the zero line is of double thickness. Note: the domain is 0 < z< 3, where z= 0 is the top
of the boundary layer.

is adiabatic cooling where w(y, z) > 0 and adiabatic warming where w(y, z) < 0, with a maximum perturba-
tion temperature tendency at the top of the ITCZ boundary layer. This result agrees with the theory from
Nolan et al. [2007] that shallow overturning circulations are associated with a reversal of the temperature
gradient between the ITCZ and away from the ITCZ at the top of the boundary layer.

Observations [Zhang et al., 2004] and numerical modeling studies [Nolan et al., 2007, 2010] tend to show
that there are distinct multilevel flows in the ITCZ associated with deep and shallow circulations. Therefore,
we decided to show the V(y, 2) solution when both forcings are present (Figure 14). Both the deep and shal-
low Hadley circulations are present, especially when the ITCZ is close to equator. Taking the assumed
boundary layer convergence into consideration, the divergence just above the top of the boundary layer
along with convergence until about the middle troposphere and divergence at upper levels is in general
agreement with the studies mentioned above.

7. Asymmetrical Nature of the Hadley Circulation

The meridional asymmetry of the winter and summer cells in both Hadley circulations so far has only been
discussed when the ITCZ is 500 km wide. A compact formula can be derived of the fractional asymmetry
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Figure 11. Parcel trajectories during the first 3 days for three Ekman pumping displacements: (a) (y3, y») = (500, 1000) km, (b)
(y1,y2)=(1000, 1500) km, and (c) (y1,y2)=(1500,2000) km. Note: the domain is —1 < z < 3, where z = 0 is the top of the boundary layer.
The arrows indicate the direction of the boundary layer inflow and associated Ekman pumping.

between the two cells for ITCZs of any width. The maximum mass flux of the winter cell occurs at y =y, and
the maximum mass flux of the summer cell occurs at y = y, when the ITCZ is north of the equator. There-
fore, the fractional mass flux in the summer Hadley cell as a function of vertical wave number m is

[]/m(yz) ) D,1/2(y2/bm) |:D—1/2(_y2/bm)_D—1/2(_y1/bm):| -1 .
Ta02)—tm0n) || Dova(=/bw) | Dyaa/om) =Dl /bm) ||

and the fractional mass flux in the winter Hadley cell as a function of vertical wave number m is

“Unl)  _ 1_071/2<—y1/bm>[ D-1/2(y2/bm)=D-1/2(y1 /bm) } B .
Vi (y2) =V (y1) D_12(y2/bm) [D-1/2(=y2/bm)=D—1/2(=y1/bm) '

Now consider the limiting case where (y,—y;) — 0, but Q — oo in such a way that Q(y,—y;)=constant.
Equation (47) reduces to

p D, /b1)Doqja(—y/by)  if—co<y <y
_ /2
I (64
¢pToN"v2 D'y (=1 /61D 1 a(y/br)  ifyr <y < oo,

where DL1/2(X)=dD,1/2 (x)/dx and DLW(fx):dD,]/z(fx)/dx. Note that y/(y,z) is discontinuous at y = y;.
With the aid of (35), the fractional mass flux in the summer hemisphere cell as a function of vertical wave
number m for an infinitesimally thin ITCZ is
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Figure 12. Contoured meridional velocity v(y,z) for the three Ekman pumping displacements mentioned in Figure 11. The v(y, z) contour
interval is 0.4 m s~ ', the maximum (magnitude) v(y,2) is 7.922 m s~ ', and the zero line is of double thickness. Note: the domain is
0 < z < 3, where z= 0 is the top of the boundary layer.

(SummerCell ),, =M - (=y1/bm)D—-1/2(y1/bm), (65)

U ) = Umlyy) V2

and the fractional mass flux in the winter hemisphere cell as a function of vertical wave number m for an
infinitesimally thin ITCZ is
. _l/A/m(y;) 1 /
(WlnterCell ) e e — :7—D71 2(y1 /bm)D_Uz(*y‘]/bm). (66)
T U ) Umlr) V2

Plots of (62), (63), (65), and (66) are shown in Figure 15 for m =0, 1, 2 and for the four ITCZ widths:

(y2=y1) — 0, (ya—y1)=500, 1000, 2000 km. For example, when m = 1, the winter cell carries approximately
2-4 times the mass flux of the summer cell, increasing as the width of the ITCZ increases. This result is in close
agreement with the numerical calculations of Hack et al. [1989] and Hack and Schubert [1990]. As m increases,
the asymmetry between the winter and summer cells also increases. Complicated heating structures force
higher vertical modes, therefore we expect there to be larger asymmetries between the winter and summer
cells compared to the typical m = 1 mode. Both the width and vertical structure of diabatic heating in the
ITCZ help explain the large observed asymmetries between the zonally and monthly averaged Hadley cells.

Now consider the fractional mass flux for Ekman pumping in the ITCZ in the absence of diabatic
heating. The fractional mass flux in the shallow summer Hadley cell for an infinitesimally thin ITCZ is

summer Cell = +1//(y1+,z) _ _ Z::O bmzm(o)zor:(z)D/—uz(_%/bm)D*1/2(y1/bm) ’ 67)
Y)Yy, 2) > bnZmn(0)Zn(2)

and the fractional mass flux in the shallow winter Hadley cell for an infinitesimally thin
ITCZ is
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Figure 13. Contoured vertical log-pressure velocity w(y,z) for the three Ekman pumping displacements mentioned in Figure 11. The w(y,z)
contour interval is 0.5 mm s~ ', the maximum (magnitude) w(y,z) is 3.774 mm s, and the zero line is of double thickness. Note: there is a
discontinuity in YW(z=0) at y = y; and y = y,, and the domain is 0 < z < 3, where z= 0 is the top of the boundary layer.

. L U0RD D mes I Em(OZm(2)DL 501 /bm)D-1/2(~1 /bm)
WinterCell = - — =— ~ . (68)
vy 2)=ylyy,2) > s bnZn(0)Zm(2)

Plots of (67) and (68) at z= 0 are shown in Figure 16. The maximum asymmetry between the winter and
summer shallow Hadley cells occurs relatively far from the equator (2800-2900 km). This result is surprising
since the shallow Hadley circulation was expected to be made up of many high vertical wave numbers,
which decrease in equatorial Rossby length as m increases. Below the total solution in Figure 15, the contri-
butions by the m = 0, 1, 2 modes are illustrated, and they show that the majority of the solution is com-
prised of the external m = 0 mode solution (more than 95% of the total solution). The external mode tends
to play a large role in solutions at the lower boundary, as discussed in Fulton [1980]. It is also interesting to
note that as z increases, the contributions from higher m modes increases, therefore the maximum asym-
metry between the winter and summer cells changes in magnitude and location as a function of z. The loca-
tion of maximum asymmetry between the winter and summer cells seems to depend highly on the
dominant vertical normal modes in the ITCZ so that as vertical wave number increases, the solutions
become more confined in the meridional direction (refer to the Green'’s function). The change in asymmetry
between the winter and summer shallow Hadley cells as the ITCZ widens is not shown since the results are
consistent with the results for the diabatic heating. In fact, the ideas of asymmetry are quite similar for both
the deep and shallow Hadley circulations. The main difference lies in their spectrum of equatorial Rossby
lengths.

8. Concluding Remarks

In this study, the effects of diabatic heating and Ekman pumping in the ITCZ were explored using an ideal-
ized model on the equatorial f-plane. The analysis used a linear zonally symmetric model of the inviscid

GONZALEZ AND MORA ROJAS

©2014. The Authors. 21



QAG U Journal of Advances in Modeling Earth Systems  10.1002:2013ms000278

interior of the tropical atmosphere forced by two prescribed forcings in the ITCZ: (i) deep diabatic heating
and (i) Ekman pumping at the top of the boundary layer. The results demonstrate that deep diabatic heat-
ing in the ITCZ forces a deep overturning circulation in the absence of Ekman pumping, which we call the
deep Hadley circulation. When Ekman pumping at the top of the boundary layer is present, there is a shal-
low overturning circulation, with divergence at the top of the boundary layer up to about 2 km above the
top of the boundary layer, which we refer to as the shallow Hadley circulation. Both forcings illustrate an
increase in asymmetry between the winter and summer Hadley cells until the ITCZ is displaced at a particu-
lar distance away from the equator. This distance depends on the dominant vertical normal modes in the
ITCZ so that as vertical wave number increases, the solutions become more confined in the meridional

direction.

0
—-3000 —-2000 —-1000 0 1000 2000 3000

y (km)

Figure 14. Contoured stream function y(y,z) of both Ekman pumping and deep diabatic heating for the four displacements mentioned in Fig-
ure 5. The contour interval of y(y,2) is 400 m? s~ ', the maximum (magnitude) v/(y,2) is 2808 m? s, and the zero line is of double thickness. The
arrow heads indicate the general direction of the flow field.
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The solution method described
in section 3 begins with a verti-
cal transform that involves solv-
ing the Sturm-Liouville problem,
with a nonzero lower boundary
condition, and then solves the
horizontal structure equation
(26) using Green'’s function
since it obeys an equation simi-
lar to the y field. The fields that
force the response in the ITCZ
using the idealized equatorial f-
plane model are the meridional
structure of the diabatic heating
and the Ekman pumping at the
top of the boundary layer, while
the inertial stability and static
stability are shaping parame-
ters. Since the static stability is
constant in the solutions pre-
sented here, the spatial variabil-
L ‘ ‘ ‘ ity of the inertial stability %y?
1000 2000 3000 plays the most important role in
(y1 + y2)/R (km) the asymmetry between the

winter and summer Hadley
Figure 15. Percentage of the total mass flux carried by the summer hemisphere Hadley cell lIs. A physical i . .
(red curves) and the winter hemisphere Hadley cell (blue curves) forced by diabatic heating cells. A physical interpretation is
for four ITCZ widths: infinitesimally thin (y,—y) — 0, (y>—y;) =500, 1000, 2000 km. Three that fluid parcels forced near

vertical modes are shown,m =0, 1, 2. the equator by diabatic and fric-

tional processes tend to move

much more easily in the hori-
zontal direction because the resistance to horizontal motion (i.e., inertial stability) is significantly
smaller than the resistance to vertical motion (i.e., static stability). The asymmetries inherent in both the
deep and shallow Hadley circulations were also explored for different ITCZ widths. The results indicate
that as the ITCZ becomes wider, the asymmetry increases, agreeing well with Hack and Schubert [1990].
A new finding is that as the vertical structure of the forcing becomes more complicated (as vertical
wave number increases), the asymmetry increases as well. The asymmetries between the winter and
summer shallow Hadley cells at z = 0 that this model produces have somewhat of a different structure
than expected since the majority of the solution is comprised of the external m = 0 vertical mode solu-
tion. In a model where the boundary layer is explicitly simulated, the shallow Hadley solution may look
slightly different because it may have a larger percentage of contributions from higher internal vertical
modes.

o

Future research on the topic of deep and shallow overturning circulations should explore a model
that is able to produce solutions of both the boundary layer and the inviscid interior and should
explore the role of higher internal modes. Such a model should also explore the role of combined
barotropic and baroclinic instability as well as the effect of the basic state fields on the shallow
Hadley circulation. The idealized model used in this study suffers from not being able to explore
such aspects. The understanding of the ITCZ in the eastern Pacific involves ITCZ breakdown and
diabatic heating dominates the monthly average solution, leading to deep overturning circula-
tions. The time period between ITCZ breakdown and reformation is influenced by boundary layer
processes, and most likely, shallow overturning circulations. It is still unclear whether shallow
overturning circulations are due mostly to shallow diabatic heating or boundary layer effects such
as Ekman pumping or vertical motion due to SST gradients. Therefore, the prevalence of shallow
precipitating profiles and their contribution to shallow overturning circulations should also be
explored.
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Appendix A: Vertical Transform

The mathematical principles underlying the vertical transform pair (19) and (20) are the orthonormality and
completeness of the eigenfunctions Z,,(z). Consider the eigenfunction Z,,(z), which is a solution of (21-
23), and the eigenfunction Z,,(z), which is a solution of (21-23) with m replaced by m'. To obtain the ortho-
normality relation, we multiply the equation for Z,,(z) by Z,,(z), then multiply the equation for Z,,(z) by
Zm(2), and finally integrate the difference of the resulting equations to obtain

3 (o)

g hm hm’
The second line in (A1) can be evaluated with the aid of the boundary conditions (22) and (23). Then, for dis-
tinct eigenvalues (hy, # hyy) and for normalized Z,,(z), there is an orthonormality relation

dZm(2)]7

=0. Al
o (A1)

JZT 200 (2) Zmr (N2 (2)d2 + | Zoy(2) 92 2 @) _z 2

1 if m=m'

zr
1] Zm(2) 2 (2) N*(2)dz+ Z(0) 2 (0)= (A2)
gJo 0 if m#m'.
70 | | | . To confirm that (19) is the proper trans-
E 3 form for the expansion (20), we multi-
60 = E ply (20) by Z,y(z)N?(z) and then
e 50 u ] integrate over z to obtain
z |
40 F 4 J W (y,2)Zmw (2)N?(2)dz
. 0
]

30 . .
= 2
70r I T T _mZ:ol//m(y)JO Zm(Z)Zm/(Z)N (Z)dZ
60 |- (A3)
be 80 : Similarly, we multiply (20), evaluated at

z=0, by Z,,(0) to obtain
40

30

15,0 20(0)=3 (1) 20 (0) 2 (0).

(A4)
pe Multiplying (A3) by 1/g, adding the
result to (A4), and then using the
orthonormality relation (A2), (19) is
obtained, confirming the validity of the
0.4 transform pair (19) and (20).
0.21 I , ,
C ] To prove that all the eigenvalues
0.18 = 7] of the problem (21-23) are positive,
so 0.15 L - we multiply (21) by Z,,(z) to obtain
0'12,_ . N221271+i(z dZ—m):<dﬁ)2
0.09 T h ghm 2dz ™ dz dz
0 1000 2000 3000 4000 +<ﬁ> )
Yy (km) 2H

(A5)
Figure 16. Percentage of the total mass flux carried by the summer hemisphere Had-
ley cell (red curves) and the winter hemisphere Hadley cell (blue curves) forced by
Ekman pumping at the top of the boundary layer for an infinitesimally thin ITCZ. The
four plots signify: (a) total solution, (b) contribution from the m = 0 mode, (c) contri-
bution from the m = 1 mode, and (d) contribution from the m = 2 mode.

Integrating (A5) over z and making use
of the boundary conditions (22) and
(23) results in
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é {é ET Z5 (2N (z)dz+an(0)} :J:T { (dZ(Tz(z))2+ (Z’Z"ISZ))Z }dz+ Z’ZZ"ISO) : (A6)

The right-hand side of (A6) is positive. Since N> > 0, the term in braces on the left-hand side of (A6) is also
positive. Thus, all the eigenvalues are positive, i.e., hy,, > 0 for all m.

To determine if the eigenfunctions Z,(z) form a complete set, we first write (19) in the form

R 1 (7 R
In)=5 | 1010 2) 20 (2 )7 (7)
0
where §(7) satisfies
1J ' 5(ZIN*(Z)dZ =1. (A8)
9Jo
Using (A7) in (20) results in
N 1 (% 0 N
nb(y,Z):;J {[1+5(Z’)122m(2)3m(2’)}w(y,Z’)NZ(Z’)dZ’- (A9)
0 m=0

The right-hand side of (A9) evaluates to l/}(y,z) if

o0

[143(Z)])  Zm(Z)Zm(2)=0(2 ~2), (A10)

m=0

which is the completeness relation. Although a general proof of (A10) is not given, it is confirmed numeri-
cally for the special case of constant N in Appendix B. For further discussion, see Arfken and Weber [1985,
section 8.4] and Courant and Hilbert [1953, section 6.3].

14 [ T { T T { T T { T T { T T ]

i 2=10 km ]

12 L 2=7 km h

i 2=4 km ]

10 ; z=1 km 5
Rl .
N = i
~— L -
n O ]
4 .

) L ]

I A

0 L \ \ \ |

0.0 0.3 0.6 0.9 1.2

Figure A1. Four plots of the left-hand side of (B15) for the choices Z=1km (black), z=4km (blue), z=7km (red), and Z=10 km (green).

The two sums on the left-hand side of (B15) have been truncated at m = 500. These plots, and others with different truncations, demon-
strate that the left-hand side of (B15) converges in the mean to the right-hand side of (B15), thereby confirming the completeness of the
basis functions Z,(z) for the case of constant N.
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Appendix B: Calculation of h,,, and Z,,(z)

To solve the Sturm-Liouville problem (21-23), consider the idealized case in which the buoyancy frequency
N is a constant given by N =1.2 X 10~ ? s~ '. The solution of the second-order equation (21) has different
forms depending on the eigenvalues h,,,. We begin by exploring the possibility that one of the eigenvalues
is given by h, which is defined by h=(2NH)? /g=4328 m. The corresponding eigenfunction Z(z) then satis-
fies d2Z /dz2=0, in which case the solution satisfying the upper boundary condition (22) is Z(z)=C(z;—z),
where C is a constant. The lower boundary condition is satisfied if {1+z[(1/H)—(1/h)]}C=0. We assume
that the constant zr is specified in such a way that zr # [(1/h)—(1/H)]" ' =8731 m, so that 1+z[(1/H)— (1
/h)] # 0and C = 0, meaning that the boundary value problem does not have a nontrivial eigenfunction
with corresponding eigenvalue hn=h. Below, the two cases are investigated separately: h,, > h (Case 1)
and 0 < h,, < h (Case 2). The solutions involve solving a transcendental equation using Newton'’s iterative
method for h,,.

Case 1. If the eigenvalues satisfy h, > h, then the equation for Z,(2) is

Zm(2) 1

_moz B1
d22 Z%— m 07 ( )
where
2 N? ~ 1
H—’Z":—<1h——> > 0. (B2)
Zzr g hm

In this case, the vertical structure functions satisfying the upper boundary condition are

Zm(2)=Am sinh [u,,(1—2/z7)], (B3)

where A, is the normalization factor. Through application of the lower boundary condition (23), it can be
shown that y,, is the solution of

Hm

tanh (u,,)= (zr/ﬁ)ﬂ —E/ZH— (2H,um/ZT)2] .

(B4)

The transcendental equation (B4) has only one solution, denoted by 1o and having the value o = 0.4686.
The corresponding eigenvalue hy is obtained from (B2), written in the form

. -1
ho=h {1 —(2Hp, /zr)z] ~ 7075 m. (B5)
The top line in the orthonormality relation (A2) is satisfied if the normalization factor is given by

2 . -1/2
Ag= {_N zr {—S‘nh (#p)cosh (ko) _ 1} +sinh2(uo)} . (B6)
2g Ho

Case 2. If the eigenvalues lie in the range 0 < h, < h, then the equation for Z,(z) is

A*Zn(z) V2

+mz —o, (87)
dz2 2"
where
2 A2 .
L';=Nf<f—1h>>o (B8)
Zr g m

In this case, the vertical structure functions satisfying the upper boundary condition are
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Zm(2)=Bpsin [vin(1—2/27)], (B9)
where B, is the normalization factor. Through application of the lower boundary condition (23), it can be
shown that v,, is the solution of

Vm

(zr/h)[1—h/2H+(2Hvm/21)?]

tan (vp)= (B10)
After the transcendental equation (B10) is solved for v, the eigenvalues h,,, can be obtained from (B8), writ-
ten in the form

1 N -1
~ h[1+(2Hmn/zT)2 . (B11)

hm=h [1 +(2Hvp /zT)Z}
The second (approximate) equality follows from the fact that the solutions of the transcendental equation
(B10) are approximately vy, = mn for m =1, 2,---, with the accuracy of the estimate improving as m
increases. The exact and approximate eigenvalues are listed in Table 1. Finally, the top line in the orthonor-
mality relation (A2) is satisfied if the normalization factor is given by

) . -1/2
Bm:{NZ_;T {1_75“1 (vm)cos (V’")} +sin2(vm)} . (B12)

Vm

Note that the dependence of the normalization factors B,, on m is weak because v,, ~ mn, making the sin (
vm) terms in (B12) negligible, which leads to B, ~ [29/(szr)}1/2 ~ 3.2.

To summarize, the eigenvalue for the external mode is given by (B5) where yq is the single solution of the
transcendental equation (B4), while the eigenvalues for the internal modes are given by (B11) where v,, are
the solutions of the transcendental equation (B10). The corresponding eigenfunctions are

2.z :{Ao sinh [po(1-2/2r)]  m=0 513

Bmsin [vm(1—2/2zr)] m >1,

where the normalization factors are given by (B6) and (B12). The first five eigenvalues h,, (m =0, 1, 2, 3, 4)
are listed in Table 1, while the corresponding eigenfunctions are plotted in Figure 2.

To numerically confirm the completeness relation (A10) for the case of constant N, first we write it in the form

[1+6(2)])Z20(Z)20(2)+[1 +5(z’)]i2m(z’)2m(2)=5(z’—2), (B14)

where, for notational convenience, Z replaces z. The numerical confirmation of (B14) is simpler if (B14) is
converted to an integrated form because then the two delta functions will not appear. Thus, integrating
(B14) over 7z from zero to z, making use of (B13), and finally multiplying by N?/g results in

AoN? .
T 2T 20(2){cosh (o) —cosh [o(1-2/2r)]}
gl
% p A2z o 1 ifz>2 (B15)
+3 220 (2){cos [vm(1-2/2r)] —cos (vm) > Zm(0) Zm(2)=
= 9vm m=0 0 ifz<z

Figure A1 shows plots of the left-hand side of (B15) when 2=1,4,7,10 km and when 500 terms are
used in the summation over m. Plots similar to Figure A1, but for different truncations of the sums,
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confirm that, although the Gibbs phenomenon occurs near z=2z, the left-hand side of (B15) converges
(in the mean) to the unit step function as the number of terms is increased. This is numerical confir-

mation that (B14) is valid and therefore that the basis functions (B13) form a complete set in the spe-
cial case of constant N.
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