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Resumen

Los perfiles de pulso de estrellas de neutrones contienen información sobre la ecuación de

estado de materia densa y la teoŕıa subyacente de la gravedad. Esta tesis presenta un

modelado de perfiles de pulsos mediante trazado de rayos tanto en Relatividad General

como en Teoŕıas Escalar-Tensor, centrándose en su posible degeneración en observaciones

del Explorador de Composición Interior de Estrellas de Neutrones (NICER). Una versión

modificada del código Rapid Neutron Star (RNS), que originalmente calcula modelos de

estrellas de neutrones en Relatividad General usando ecuaciones de estado politrópicas,

usa métricas numéricas del espacio-tiempo para producir sus resultados. El software de

trazado de rayos Ujti se extendió para incorporar el modelo generado por la versión

modificada del código RNS para dos ecuaciones de estado (BSk22 y SLy9) y distintos

parámetros de la Teoŕıa Escalar-Tensor (β y mϕ). Se generaron curvas de luz para varias

geometŕıas de puntos calientes (hotspots) bajo diferentes inclinaciones del observador con

el fin de demostrar las capacidades de la versión modificada de Ujti. Posteriormente, se

modelaron las curvas de luz de un hotspot circular bajo dos inclinaciones (plano ecuatorial

y 35◦), comparando los efectos de la composición interna de la estrella de neutrones,

la teoŕıa de la gravedad y la inclinación del observador. Los resultados demuestran

que tanto las modificaciones de la ecuación de estado como las de la Teoŕıa Escalar-

Tensor producen cambios detectables en la forma y amplitud del pulso; sin embargo,

ciertas combinaciones generan perfiles altamente similares, revelando degeneraciones. Se

cuantificaron las diferencias relativas de flujo entre las curvas de luz más similares, con

implicaciones para la indistinguibilidad de perfiles de pulso producidos por distintas compo-

siciones internas y configuraciones de la Teoŕıa Escalar-Tensor. Este trabajo proporciona

un marco para probar teoŕıas alternativas de la gravitación frente a observaciones de

NICER y resalta la necesidad de más restricciones para romper las degeneraciones en el

modelado de estrellas de neutrones y del espacio-tiempo.
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Abstract

Neutron star pulse profiles encode information about the dense matter equation of state

and the underlying theory of gravity. This thesis presents a comprehensive modeling

of X-ray pulse profiles using ray-tracing in both General Relativity and Scalar-Tensor

Theories, focusing on their potential degeneracy in Neutron Star Interior Composition

Explorer (NICER) observations. A modified version of the Rapid Neutron Star (RNS)

software, which originally computes models of neutron stars in General Relativity using

polytropic equations of state, uses numerical spacetime metrics to produce its results. The

Ujti ray-tracing software was extended to incorporate the model produced by the modified

RNS code for two equations of state (BSk22 and SLy9) and varying Scalar-Tensor Theory

parameters (β and mϕ). Light curves were generated for several hotspot geometries under

different observer inclinations to prove the capabilities of the modified version of Ujti.

Subsequently, the light curves of a circular hotspot under two inclinations (equatorial

plane and 35◦) were modeled, systematically comparing the effects of neutron star internal

composition, theory of gravity, and observer inclination. Results demonstrate that both

equation of state and Scalar-Tensor Theory modifications produce detectable changes

in pulse shape and amplitude, yet certain combinations yield highly similar profiles,

revealing degeneracies. Relative flux differences between the most similar light curves were

quantified, with implications for indistinguishability of pulse profiles produced by different

internal composition and Scalar-Tensor Theory configurations. This work provides a

framework for testing alternative gravitation theories against NICER observations and

highlights the need for more constraints to break degeneracies in neutron star and spacetime

modeling.
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1 Introduction

The physical phenomena produced by neutron stars (NS) have not yet been entirely

understood by the astrophysics community. The interior of these massive objects is

concealed by the unresolved conjunction of gravity theories and Quantum Mechanics

theories (Lattimer and Prakash, 2004). However, astronomical laboratories on the exteriors

of these stars are used to test the proposed modifications that would connect these theories

(Yunes et al., 2022; Silva and Yunes, 2019b; Lasky, 2015). Therefore, an extended analysis

to compare the observations of phenomena produced by NSs with the expected results from

alternative theories may be key to discerning if these proposals achieve to describe the

true behavior of the spacetime near massive objects (Lattimer and Prakash, 2007).

NICER, the Neutron Star Interior Composition Explorer, receives X-ray emissions

of pulsars, offering a great amount of observational data to compare with the expected

results from simulations of the trajectory of emitted light. These emissions originate in

hot regions of the surface of the NS caused by matter falling from the vicinity onto the

magnetic poles of the massive object, in a process known as magnetospheric accretion

(Bouvier et al., 2007). As such, some believed that the falling mass forms two antipodal

circular hotspots (Bachetti et al., 2010; Poutanen and Beloborodov, 2006; Romanova et al.,

2008). Recent NICER observations have found that the magnetic pole configuration of

the NS and the form of the hotspots may be different, with some sort of distortion due

to the angular momentum of the accreting matter (Ornes, 2020). As such, their size

and geometry are not fully understood (Mann, 2020). Variations in these properties may

cause differences in the intensity of light received in NICER sensors. Furthermore, the

composition of the interior of NSs is still under investigation (Read et al., 2009), and

the proposal of alternative gravity theories has been shown to modify the expected light

curves from NICER readings (Silva and Yunes, 2019a). Changing the parameters that

describe the form of the hotspots, the composition of NSs, and the spacetime curvature

between the emisor and the observer may show degeneracy in the plotted curves. If two
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or more combinations of these effects show similar results, there would be no certainty in

the right choice of the parameters, revealing that some of them must have been previously

established through another kind of observation (Yunes et al., 2022).

The composition of NSs is described by an equation of state (EoS) involving the effects

of pressure, density, and temperature under extreme gravity due to the large amount of

mass confined in a small volume (Lattimer and Prakash, 2007). This mass does not

collapse as a result of the pressure created by the interaction of subatomic particles.

As the pressure increases and electron degeneracy becomes insufficient, electron capture

becomes energetically favorable, and the matter becomes progressively more neutronized

with increasing pressure. The neutron degeneracy pressure is expected to be the main

reason for the existence of NSs, as their name implies (Lattimer and Prakash, 2001).

However, the behavior of the atomic nuclei in each layer of the NS is not fully understood

(Zhang et al., 2025). Therefore, the most recent studies show that there are multiple

proposals for the EoS that successfully describes the NS (Read et al., 2009; Oertel et al.,

2017). Each EoS results in different mass distributions inside the star, affecting the

expected spacetime curvature in its proximity (Lattimer and Prakash, 2016). As such,

it characterizes the trajectory of emitted light, which could be measured by the profile of

the light curves received from a pulsar.

The stable frequency of a pulsar describes the rotation of the NS (Burgay et al., 2021).

This information is used to confirm the presence of an emission region in the surface of

the compact object, which is believed to be the product of the interaction of accreted

charged particles surrounding the star with its surface. This emission of light must be

affected by the presence of the massive object, which curves the spacetime as originally

predicted by Einstein in his General Relativity (GR) (Weinberg, 2013). However, as

some discrepancies have been found between the expected results from Einstein gravity

and observations (Quiros, 2019), several theories have been proposed that modify GR.

The Scalar-Tensor Theory (STT) is one of the most studied of them, as it is not highly

complex and has been shown to describe local and cosmological phenomena with great

accuracy (Quiros, 2019). However, STT configurations are based on several parameters
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that, with a degree of constraint, are usually arbitrarily chosen (Stairs, 2003), such as β

and mϕ (Yazadjiev et al., 2016). These parameters and the equations related to them will

be described in Section 2. Therefore, there is no consensus on the right values of these

parameters. This shows that more observations must be made to determine which model

successfully describes the spacetime near massive objects.

A distant observer receives the emissions from these hotspots with an oscillating

intensity as the NS rotates. Pulsars received their name from the timed pulses observed in

their light curves (Hewish et al., 1968). Pulse Profile Modeling (PPM) is a technique used

to determine the radius of an NS with great precision by matching many different pulse

models to a given pulse profile measured by NICER (Özel et al., 2016). Because different

EoSs produce different combinations of NS mass and radius, the measurement of radii

with PPM constrains the EoS and helps us understand the microscopic composition of

NS interiors. Additionally, the curvature of the spacetime near the stellar remnant causes

light from the hotspot to reach different times to the observer (Shapiro delay) (Stairs,

2003; Oliva and Frutos-Alfaro, 2021), and radiation transfer through the atmosphere of

the NS also affects the intensity of the received signal while the hotspot rotates with the

star (Lattimer and Prakash, 2004). All these phenomena must be taken into account to

understand the light curve profile sent from NICER. As such, PPM must also consider

these effects on the calculations.

However, comparisons between NICER observations and PPM are currently limited

to analysis of moderately rotating NSs. In this thesis, a rotation frequency is considered

moderate when the NS can still be described with a spherically symmetric geometry.

However, as a rotation is present, the Doppler effect must be taken unto account (Miller

and Lamb, 1998). The Ujti software (Oliva and Frutos-Alfaro, 2021) was created as a

tool to calculate the path of light through curved spacetimes, thus allowing the analysis

of light emitted from a rotating source. A pulse profile is obtained by integrating the

emission coming from a small area on the surface of the NS. Light curves produced by

the simulation are then compared with observations like those from NICER. The current

version of Ujti calculates the geodesics equations symbolically, and the results have been
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so far restricted to Einstein gravity.

Despite research on PPM for Einstein gravity and scalar field theory metrics in various

NS models involving different EoSs, it is still not understood which parameter variation

affects the most in the shape of the simulated light curves. The gravity theory implemented

modifies the size and shape of the NS, as does the EoS considered. Further-more, the

inclination of the angle in which the pulsar is observed affects the intensity variation

perceived by NICER or any other sensor. The position and shape of the hotspot cause

similar effects on the light curve. If the effect of two or more of these phenomena cancel

between them, the resulting profiles are considered indistinguishable.

The chapters of this investigation are organized as follows. Chapters 2 and 3 present

the theoretical context related to GR and its modern modifications and the composition

of NSs. Chapter 4 discusses PPM, the software used to simulate these pulse profiles, and

the modifications developed in the software to allow calculations with alternative theories

of gravitation. Chapter 5 contains the aspects considered in selecting the position and

shape of the hotspot on the surface of a modeled NS and the inclination of the observer

receiving the emitted light. Chapters 6 and 7 show the flux results of the hotspot rotation

of an NS with a mass similar to PSR 0740+6620, modifying the EoS and the parameters of

the STT. Additionally, chapter 8 contains the study that tests multiple configurations of

parameter values with similar light curves to measure the indistinguishability and establish

the criteria for considering the degeneracy. Finally, chapter 9 shows the conclusions of this

thesis.
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2 General Relativity and Scalar-Tensor
Theory

2.1 General Relativity

The observations associated with NSs cannot be studied only with classical mechanics,

which consider a flat and unperturbed spacetime. In contrast, the large mass of the star

curves the spacetime around it, modifying the path of the light near its surroundings.

General Relativity, proposed by Albert Einstein in 1916, determines the deflection of

light due to gravitational effects, defining the curvature of the spacetime through tensor

analysis. If there is no mass present, the spacetime is flat. However, if a mass is present,

the distribution and speed of it determine the deformation suffered by the spacetime.

Therefore, the massive object works as a source of perturbation, which is studied through

the analysis of the curved spacetime it formed.

A summary of Weinberg 2013 and Bartelmann 2019 is given to describe the foundations

of GR. The Einstein field equations are used to describe the connection between the mass

source and the curvature of the spacetime:

Gµν = Rµν −
1

2
gµνR = −8πTµν (2.1)

Here, G = c = 1 has been assumed. Therefore, the mass and other quantities are measured

in kilometers, known as geometrized units. As the tensors used in this theory consider 4

dimensions (3 of space, 1 of time), they are related to 16 components. Thus, the Einstein

field equations are 16 equations within a single one, differentiated by the values in the

indexes of the tensor components. In terms of physical definitions, the parameters on the

left side contain derivatives of the metric tensor g = gµνdx
µ⊗ dxν . This particular tensor

encodes information about the shape of the spacetime. For example, it defines the interval

of the spacetime, such that:

ds2 = gµνdx
µdxν (2.2)
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Some definitions from differential geometry are used to explain the relation between

the curvature of spacetime and the metric tensor. Considering the spacetime as a pseudo

Riemannian (the negative sign in the time coordinate causes it to not be Riemannian)

differentiable manifold, the metric tensor is a rank two covariant and symmetric tensor

field. It is considered non-degenerate, such that there is a rank two contravariant tensor

field with components gµν , such that gµσg
σν = δνµ.

The metric tensor establishes an isomorphism between the tangent and dual spaces of

a manifold, related to the tangent vectors, with a contravariant representation, and the

covectors (or one-forms), with a covariant representation. The isomorphism allows the

vectors to be defined in both representations, as:

v = vµ∂µ = vµdx
µ (2.3)

The components of the metric tensor and its inverse are used to lower and raise indices,

as vµ = gµνv
ν and vµ = gµνvν . This same principle is generalized to higher rank tensors

in the manifold.

Furthermore, the metric tensor is used to define the Riemann-Christoffel curvature

tensor with components:

Rλµνκ =
∂Γλµν
∂xκ

−
∂Γλµκ
∂xν

+ ΓηµνΓ
λ
κη − ΓηµκΓ

λ
νη (2.4)

To describe this tensor, another mathematical object that is derived from the metric tensor

is used, known as the Christoffel symbols:

Γσλµ =
1

2
gνσ

{
∂gµν
∂xλ

+
∂gλν
∂xµ

−
∂gµλ
∂xν

}
(2.5)

These structures are related to the affine connection, that is, the way the vectors of the

coordinate basis change through the spacetime manifold. However, the Christoffel symbols

are nontensors. They do not transform like a tensor because they depend on the second

derivative of the Jacobian.

Returning to the parameters in the Einstein equations, the curvature tensor may be

contracted to form the Ricci tensor:

Rµκ = Rλµλκ (2.6)
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The Ricci tensor usually describes the expansion or contraction of the geodesics. Geodesics,

parallel in the flat case, become focused if a massive object is present. This is indicated by

a positive value of the curvature. The Ricci tensor can be contracted again, which results

in the curvature scalar:

R = gµκRµκ (2.7)

A null-curvature scalar is expected in flat spacetimes, while a positive value represents a

region with a high energy density due to a massive object. As seen in (2.1), the Einstein

tensor is obtained using the Ricci tensor, the metric tensor, and the curvature scalar.

Furthermore, this tensor contains the information on how the spacetime is deformed,

represented by its curvature.

Lastly, Tµν is the energy-momentum tensor, which can be seen as the density and

current (through tridimensional space) of the energy-momentum four-vector. The energy-

momentum tensor is symmetric, which means that the Einstein tensor must be symmetric

too. Thus, symmetry reduces the number of unique equations from 16 to 10.

A solution to the Einstein field equations must be found to successfully describe

the spacetime curvature near a massive object. Karl Schwarzschild proposed one of

the first and simplest solutions to the equations (Schwarzschild, 1916). The resulting

metric describes the geodesics near a massive object with spherical symmetry and has the

following form:

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dθ2 + r2 sin2 θdφ2. (2.8)

Here, M is the mass of the object, r, θ, and ϕ are the spherical space coordinates of the

spacetime. The terms alongside each of the norms of the coordinate differentials are also

named metric potentials, which can depend on the coordinates and vary for each metric.

As other astronomical objects, NSs are approximated to a spherical geometry if they

do not rotate fast enough, known as slow rotating NSs. Thus, the Schwarzschild solution

provides an approximate description of the geodesics in the region surrounding these

massive objects. Rapidly rotating NSs show oblateness, so they are usually described
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with different metrics (Morsink et al., 2007), but these fast rotating cases are not the

focus of this investigation, as they will be studied in future projects.

Even though the Einstein field equations successfully described unexplained pheno-

mena, such as the precession of Mercury, some cosmological problems could not be solved

with the solutions provided by GR. Furthermore, the theory is not renormalizable, so it

cannot be conventionally quantized (Sotiriou and Faraoni, 2010). Thus, GR is expected

to break down at scales close to the Planck scale and, consequently, cannot by itself

be consistently combined with quantum mechanics to describe the early universe or the

subatomic interactions occurring inside neutron stars. Several modified gravity theories

and approaches to Quantum Gravity have been proposed to address these issues, although

no definitive solution has yet been established. Before and after the publication of GR

by Einstein, there were proposals regarding additional interactions with spacetime, such

as a field related to the mass distribution of the large-scale universe (Weinberg, 2013).

At the time, it was thought that since the local mass distribution is described using the

gravitational constant, this cosmological influence should also be related to the constant

G. Thus, there exist multiple alternative theories that include additional sources through

a scalar field (Fujii and Maeda, 2003).

2.2 Scalar-Tensor Theory

One of the most recognized initial theories that involves the presence of a scalar field is

the one proposed by Brans and Dicke 1961. There, it is considered that the value of a

scalar field ϕ, strongly connected to the mass density of the universe and proportional to

G, is not exactly constant. As such, G is constant locally, and is actually a function of ϕ.

Therefore, in this section exclusively, G will be explicitly considered in the field equations.

To describe the theory, the general form of the gravitational action is given by:

S =
1

16πG

∫
d4x

√
−g(R− 2gµν∂µϕ∂νϕ− 4V(ϕ)] + Sm[Ψm;A2(ϕ)gµν ], (2.9)
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where

A(ϕ) = F−1/2(ϕ), 2V(ϕ) = U(ϕ)F−2(ϕ). (2.10)

The functions F (ϕ), and U(ϕ) govern the dynamics of the scalar field, while the matter

fields are collectively denoted by Ψm and Sm is their action. In the Brans-Dicke theory,

the relation with G is such that:

⟨ϕ⟩ ≃ 1

G
. (2.11)

Additionally, the interaction with the scalar field had to be included in the field equations

to correctly describe the gravitational action, resulting in:

Rµν −
1

2
gµνR = −8π

ϕ

[
T(M)µν + T(ϕ)µν

]
. (2.12)

This includes the energy-momentum tensor T(ϕ)µν for the scalar field. To preserve the

Principle of Equivalence and using the Bianchi identities, both pillars of GR, the Brans-

Dicke theory describes the field equations with an energy-momentum tensor such that:

Rµν−
1

2
gµνR = −8π

ϕ
T(M)µν−

ωBD
ϕ2

(
∂ϕ

∂xµ
∂ϕ

∂xν
− 1

2
gµν

∂ϕ

∂xρ
∂ϕ

∂xρ

)
− 1

ϕ

(
∂ϕ

∂xµ
∂ϕ

∂xν
− gµν□

2ϕ

)
,

(2.13)

with:

□2ϕ =
8π

(3 + 2ωBD)
T(M)

µ
µ
. (2.14)

Here, ωBD is the Brans-Dicke parameter, a dimensionless constant. If ωBD → ∞, the

d’Alembertian vanishes, causing the scalar field to be just the constant G−1. Thus, the

Brans-Dicke theory goes over to the Einstein theory in this limit.

An alternative theory more recently studied and strongly related to NSs is the Damour-

Esposito-Farèse (DEF) theory (Damour and Esposito-Farese, 1992; Damour and Esposito-

Farèse, 1993a). In it, the scalar field is minimally coupled to gravity, such that (2.11) no

longer holds. Furthermore, the metric tensor g is coupled to a function of the scalar field,

A(ϕ). Variations in this function determine the Scalar-Tensor model. A combination of

the Brans-Dicke and DEF theories results in the two-parameter theory Silva and Yunes

(2019b), such that:

lnA(ϕ) = αϕ+
β

2
ϕ2. (2.15)
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Here, α is constrained to 3.4 × 10−3 due to the observations of the Cassini spacecraft

(Bertotti et al., 2003) and is related to the Brans-Dicke parameter ωBD, as:

α2 =
1

ωBD + 3
. (2.16)

The second parameter, β, is a free parameter, the value of which in this investigation

will be assumed to be negative. If its magnitude is lower than 4.5, the metric behaves

similarly to GR. If the magnitude of β is higher than 4.5, the scalar field greatly modifies

the structure of the star and the spacetime close to it. Most studies use the DEF theory,

such that:

A(ϕ) = e
1
2
βϕ2 . (2.17)

In these cases, the scalar field may also include a mass mϕ, which interacts with the metric

through a potential V (ϕ), given by:

V (ϕ) = 2m2
ϕϕ

2. (2.18)

The addition of the masive scalar field results in the modified field equation:

Rµν −
1

2
gµνR = 8πG+ 2

∂ϕ

∂xµ

∂ϕ

∂xν
− gµνg

αβ ∂ϕ

∂xα

∂ϕ

∂xβ
− 1

2
V (ϕ)gµν . (2.19)

Which is known as the Scalar-Tensor Theory. Here, the potential V (ϕ) only appears in

the final term, showing that if mϕ is chosen to be zero, a massless scalar field theory is

recovered (Yazadjiev et al., 2016).

The presence ofmϕ greatly modifies the effects of the scalar field on the NS composition

and the spacetime (Damour and Esposito-Farèse, 1993b). First, it sets the range over

which the scalar field interacts. A massive scalar field has a finite range of the order of its

Compton wavelength λC , given by:

λC =
2π

mϕ
. (2.20)

Outside the range of λC , the scalar field drops exponentially. Therefore, a larger mass

limits the interactions outside the NS, which converges with the GR results. However,
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it still permits the scalarization of the star, meaning that it shows slight differences

from the classical results if the parameters are finely tuned, allowing comparisons from

observational data. Specifically, Silva and Yunes 2019b and Silva and Yunes 2019a describe

the possibility of using x-ray pulses observations to detect scalarized objects, while Zhao

et al. 2022 shows that new versions of the DEF model are able to match with binary

pulsars observations. In addition, a massive scalar field relaxes the constraints on β,

which is capable of adopting larger magnitude values (Yazadjiev et al., 2016). Thus, in

this investigation, changes to the values of β and mϕ will be implemented to study the

effects on pulse profiling simulations.
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3 Interior of Neutron Stars

3.1 Equation of State of a Neutron Star

To describe the curvature of the spacetime surrounding an NS, the tensor of energy-

momentum is described as a stress-energy tensor, related to the pressure and energy

density of the NS (Friedman and Stergioulas, 2013). Thus, the curvature and the matter

are coupled. However, the composition of each of the layers of an NS cannot be directly

studied through observations. Therefore, the gravitational effects seen in the light they

produce may be used to better understand their interior. Nevertheless, the extreme

conditions inside NSs increase the possible phenomena occurring in their cores. Fortu-

nately, their structure is determined, among others, by the EoS of matter (Oertel et al.,

2017).

Currently, there is no consensus on the right EoS to describe an NS, as many have

been proposed, considering the problem from different angles (Oertel et al., 2017). In the

case of nonrotating GR NSs with negligible magnetic field, the internal structure of the

NS is obtained by solving the Tolman-Oppenheimer-Volkoff (TOV) equations (Tolman,

1939; Oppenheimer and Volkoff, 1939):

dp(r)

dr
= −G [ϵ(r) + p(r)][M(r) + 4πr3p(r)]

r2[1− 2GM(r)/r]
. (3.1)

dM(r)

dr
= 4πϵ(r)r2. (3.2)

These relate the gravitational mass of the star M for all internal radius r to the pressure

p and the energy density ϵ within it. However, the problem is not trivial if the star has

a non-uniform density, as pressure is a function of the baryon mass density ρ, which may

vary through the layers of the NS. To simplify the problem, some studies have proposed

parameterizing the EoS (Read et al., 2009), sectioning the star in different density intervals,

measured by indexes of the form:

Γ =
d log p

d log ρ
. (3.3)
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An EoS for which Γ is treated as constant is known as a polytrope, a generalization of an

adiabatic process. They have the form:

p(ρ) = KρΓ. (3.4)

Here, K is a constant and varies for each EoS, as the value of Γ. The energy density ϵ is

fixed by the first law of thermodynamics:

d
ϵ

ρ
= −p d1

ρ
. (3.5)

This, by integration and boundary condition, results in the relation:

ϵ = ρ+
1

Γ− 1
p (3.6)

The parameterized EoS with established sections is piecewise polytropic, meaning that

several adiabatic indices are used for a single NS. This is done to better approximate a

realistic EoS, which in general can not be fit with a single polytropic EoS. Each density

interval has its own Γi and Ki. It must satisfy the fact that, for a set of dividing densities

ρ0 < ρ1 < ρ2 < · · · , the energy density and the pressure are everywhere continuous.

Thus, each piecewise polytropic EoS is specified by three parameters: the initial density,

the coefficient Ki, and the adiabatic index Γi. However, the continuity of pressure restricts

the values of the consecutive Ki+1 by:

Ki+1 =
p(ρ)

ρ
Γi+1

i

. (3.7)

Furthermore, it is usual to fix the value of the initial density, which causes the EoS in each

interval to require a single parameter (Read et al., 2009). Once an EoS has been chosen

and the parameters have been fixed, the equations regarding hydrostatic equilibrium and

the curvature of spacetime must be solved.

3.2 Modeling of Spacetime Near a Neutron Star

The solutions to NS interiors are commonly numerical, as analytical solutions are heavily

restricted to simpler cases, such as those with constant density. Some of the nummerical
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solutions involve iterations, solving the equations for the metric functions for one function

at a time, and the other set to their values from the last iteration, while the hydrostatic

equilibrium equations are used to update the matter distribution for the following step

(Friedman and Stergioulas, 2013). Rapid Neutron Star (RNS) is a software package

developed in Stergioulas and Friedman 1994 that involves this iterative solution. It is

commonly used to calculate the interior composition of a rotating NS, but can also produce

results when the rotation is negligible. Modifications to the software allow for the inclusion

of STTs (Doneva et al., 2013), but the description of the original version is given first. The

code uses a method using an integral representation of the gravitational field equations,

proposed by Komatsu, Eriguchi and Hachisu, known as the KEH scheme (Komatsu et al.,

1989). This method was extended by Cook, Shapiro and Teukolsky, so it may also be

found in some literature as the CST scheme (Cook et al., 1994a,b). To describe it, one

must first define the the metric gαβ for an axisymmetric rotating star. This case differs

from the non-rotating TOV model, as it is given by

ds2 = −e2νdt2 + e2ψ(dφ− ωdt)2 + e2µ(dr2 + r2dθ2), (3.8)

with the independent field equations:

∇ · (B∇ν) = 1

2
r2 sin2 θB3e−4ν∇ω · ∇ω + 4πBe2ζ−2ν

[
(ϵ+ p)(1 + v2)

1− v2
+ 2p

]
, (3.9)

∇ · (r2 sin2 θB3e−4ν∇ω) = −16πr sin θB2e2ζ−4ν (ϵ+ p)v

1− v2
, (3.10)

∇ · (r sin θ∇B) = 16πr sin θBe2ζ−2νp. (3.11)

Here, ζ = µ+ ν. For these equations, µ, ν, ψ, and ω are the metric functions, depending

on r and θ. The function B also depends on these coordinates only, and is given by:

eψ = r sin θBe−ν . (3.12)

The KEH/CST scheme is based on an integral representation of the components of the field

equations (3.9), (3.10), and (3.11), using Green’s functions, and on an iteration until all

metric equations and hydrostatic equilibrium equations are satisfied to a desired accuracy
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(Stergioulas and Friedman, 1994). For the field equation to be suitable for inversion by

the Green’s function method, two new metric variables are defined:

γ = lnB (3.13)

ρ = 2ν − lnB (3.14)

The iterative procedure consists mainly in an initial guess for the metric functions

ρ, γ, µ, ω, the energy density ϵ, and the angular velocity Ω(r sin θ), which may be a

solution to a nonrotation TOV equation. The metric functions are rescaled by a factor

of the equatorial coordinate radius re. Then, new values for this coordinate radius

and the angular velocity are obtained using the hydrostatic equilibrium. Next, new

distributions of the enthalpy, energy density, and pressure are obtained by solving the

hydrostatic equilibrium everywhere inside the star and by using the chosen EoS. With it,

new distributions of the metric functions are obtained using the integral representation

and the iteration is repeated until convergence is achieved (Stergioulas and Friedman,

1994). As the exterior of the NS is considered vacuum, the metric functions are described

for the surrounding regions, defining the curvature of the spacetime near the star.

To consider an STT in the analysis, the metric functions would be modified to include

the scalar field ϕ. The reduced equations for the metric functions include additional

terms, such as the field potential V (ϕ). Due to their extension, the complete description

of these modified equations is out of the scope of this thesis, but the complete treatment

can be found in Doneva et al. 2013. Nevertheless, these reduced equations have to be

supplemented with the field equation and the equation of hydrostatic equilibrium. These

both also consider the scalar field, as:

∆ϕ = −∂γ
∂r

∂ϕ

∂r
− 1− cos2 θ

r2
∂γ

∂ cos θ

∂ϕ

∂ cos θ
+

[
4πk(ϕ)(ε− 3p) +

dV (ϕ)

dϕ

]
e2µ, (3.15)

∂ip̃

ε̃+ p̃
− [∂i(lnu

t)− utuϕ∂iΩ− k(ϕ)∂iϕ] = 0. (3.16)



3 Interior of Neutron Stars 16

For the modified hydrostatic equilibrium equation, the pressure and energy density are

used in the Jordan frame, an alternative representation of the scalar-tensor gravity. The

iterative process of the KEH scheme is similar after these modifications to the equations.

However, the converging results differ from those obtained with Einstein GR. For a given

EoS, the density of the NS varies if the parameters related to the scalar field are changed.

To investigate the effects of these modifications to the NS and the spacetime in its

surroundings, this thesis chooses two different EoSs to study, in conjunction with several

configurations for the parameters of STT, the changes observed in simulations of NSs.

Specifically, analysis of variations in the flux of light that is emitted from certain regions

of the NS surface and travels to a distant observer.
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4 Pulse Profile Modeling

4.1 Pulse Profiles

The rotation of the NS causes the intensity of the emitted light from its hotspots to

oscillate for a distant observer. Thus, while studying the received light signal, a pulse

profile is formed, such as those shown in figure 4.1. Pulse profiles have been observed

with several instruments (Sathyaprakash et al., 2024). NICER was installed on 2017

aboard the International Space Station, dedicated to the study of NSs. Its sensors

read electromagnetic emissions on the soft X-ray band with high-precision timestamping,

allowing smoother pulse profile curves (Gendreau and Arzoumanian, 207). Thus, most

pulse profile simulations seek to coincide with the readings of NICER to successfully

describe NS behavior, waiting for instruments with higher resolution and sensitivity to be

sent to orbit.

However, the observed pulsing is not sinusoidal, as light is affected by the curvature

of spacetime and its implications. Photons emitted from the far side of an NS would not

reach the observer in a classical formulation, but they actually do, by following the curved

trajectory predicted by GR and its alternative theories. Furthermore, they must travel

a greater distance compared to light emitted directly to the observer (Bogdanov et al.,

2007). Given an axisymmetrical metric of the form:

ds2 = gttdt
2 + grrdr

2 + r2(dθ2 + sin2 θdϕ2),

The gravitational effects cause a time lag of the photon as seen by the observer, known

as the Shapiro delay, given by (Hu et al., 2021):

∆t =

∫ ∞

R

√
−grr
gtt

(
1√

1 + σ2gtt/r2
− 1

)
dr. (4.1)

Here, R is the radius of the star and σ is the impact parameter of the photon, described
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Figure 4.1: Measured pulse profiles for the pulsar J1846-0258. Reprinted from
Sathyaprakash et al. 2024.

as:

σ =
R sinα√
grr(R)

, (4.2)

where α is the angle of the photon between the emission direction and the local radial

direction (Zavlin et al., 1996).

Thus, the compactness of the star may cause the light emitted on the backside to reach

the observer, while the Shapiro delay may cause the pulse to be slightly asymmetric, as

light will not travel in the same way timewise while the hotspot moves away from the

observer due to the rotation as when the hotspot moves towards it. As such, the pulse

profile is used to describe the corresponding NS, as the spacetime perturbation is related

to the properties of these massive objects.

Additionally, a reduction in intensity may occur due to the direction of emission, known

as the limb-darkening effect (Hu et al., 2021) and dependent on α. An explanation for

this reduction is assigned to the atmospheric layers from which the radiation emitted at
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these directions escapes. These layers may be at lower temperatures. Thus, the intensity

is called anisotropic, depending on the energy of the emitted photons and the chemical

composition of the atmosphere (Zavlin et al., 1996).

Recent publications (Hu et al., 2021) simplify this anisotropy by defining it as:

I ′(ν, α) = I(ν) cosα. (4.3)

The flux versus phase plots, often called light curves, obtained through instruments like

NICER are compared to simulations of different NS and hotspot configurations, through

PPM. Several groups researching these pulse profiles have used their own software to

simulate them (Hu et al., 2021; Silva and Yunes, 2019a). Similarly, dedicated software has

been updated for this investigation.

4.2 Ujti

Once the metric on the near region outside the star is known and the possible effects are

considered, the path of light emitted by the NS can be traced. The Ujti software offers

the possibility of calculating the flux of light received by a distant observer. Originally,

the software used only analytical solutions to the Einstein field equations to define the

metric (Oliva and Frutos-Alfaro, 2021). The software simulates the ray tracing of the light

received by an observer located at a long distance from the NS. It numerically calculates the

geodesic equations using the Runge-Kutta-Fehlberg method (Burden and Faires, 2011).

The source of light is restricted to a fraction of the total surface, which simulates the

rotating hotspot. The observer plane is divided into a grid of pixels so that null geodesics

are backtraced, in which the ones originating from the restricted region are counted to the

total flux. In addition, photons that arrive at a certain interval are collected to simulate

the exposure time of a sensor (Oliva and Frutos-Alfaro, 2021). The time each photon

takes to reach the observer does consider the Shapiro delay and the position from which

it is emitted. The pulse profile is obtained by calculating the total flux as a function of

the phase.
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4.3 Modifications to the original version of Ujti

The original Ujti software was only capable of calculating the trajectory of light with

metrics derived from analytical solutions to the Einstein field equations. To implement

STT derived solutions, the software was updated to include modules related to reading

and interpolating the potentials obtained from a numerical analysis of the NS composition

and properties. This numerical analysis could also include additional terms in the field

equations, such as those related to a scalar field.

Figure 4.2 shows the modules included in the Ujti software. The numerical metric

data set contains radial positions and potential values, obtained from the modified RNS

software, with processes similar to those of Doneva et al. 2013. These potentials are

considered as specific values of functions dependent on the radial position. For each STT

parameter configuration, a dataset needs to be produced. As the data set is limited to

certain values of radius from the star, interpolation of the data is used to fill the remaining

information gaps. In addition, the derivatives of the potentials are calculated and a second

interpolation is performed.

The interpolation considers the metric potentials and their first derivatives as piecewise

linear functions y(x) with N tabulated known values yi and the same for xi. As such, they

can be defined through intervals between xj and xj+1 with a cubic spline interpolation.

Following Press et al. 2007, these functions are given by:

y = Ayj +Byj+1 + Cy′′j +Dy′′j+1. (4.4)

Where the terms A, B, C, and D are not constant, but rather defined for each interval as:

A ≡ xj+1 − x

xj+1 − xj
(4.5)

B ≡ 1−A =
x− xj

xj+1 − xj
(4.6)

C ≡ 1

6
(A3 −A)(xj+1 − xj)

2 (4.7)

D ≡ 1

6
(B3 −B)(xj+1 − xj)

2 (4.8)
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Figure 4.2: Diagram of the modifications to the Ujti software. Red highlighted boxes
represent the new and modified modules.

However, since the tabulated values of the second derivative of the function y are

unknown, it is assumed that the first derivative of the function is continuous across the

boundary between two intervals. As such, all of the intervals where the values of xi and

yi are tabulated are used to produce a series of linear equations following:

xj − xj−1

6
y′′j−1 +

xj+1 − xj−1

3
y′′j +

xj+1 − xj
6

y′′j+1 =
yj+1 − yj
xj+1 − xj

− yj − yj−1

xj − xj−1
. (4.9)

To be able to solve the equations, two of the values of y′′i must be known. As such, the

natural cubic spline is considered, where the boundaries y0 and yN−1 are equal to zero.

These sets of equations are tridiagonal, which means that each value is coupled only to

its nearest neighbors. Therefore, the solutions can be obtained precisely with a cycling

code that progressively constructs the array with decomposition, forward substitution,

and backsubstitution.

Older modules were updated to now distinguish between an analytical and numerical

metric input. If a numerical metric is to be considered, the reading and interpolation are
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executed. After this process, the software continues with the original script, calculating

the expected trajectory and intensity of light emitted from the surface of the NS. This

data is then sent to plotting algorithms that isolate the flux from a section of the surface,

simulating the hotspot. Finally, the flux is considered through a single rotation of the

NS, producing the light curve plots. These plotting modules were slightly modified to

consider different shapes of the hotspot, since the base version only considered circular

hotspots. After multiple tests, it was proven that the numerical and analytical solutions

to the Schwarzschild metric resulted in the same pulse profiles.

4.4 Further development

Analytical solutions to the Einstein field equations are capable of considering the effects on

the shape of a rapidly rotating NS. In general, the geometry of the compact object is not

a perfect sphere, becoming oblate (Frutos-Alfaro, 2016). Thus, the potentials do not only

depend on the radius, but also consider the colatitude position. For a numerical solution,

the same analysis is possible. However, the current Ujti version needs an improved

interpolation module to consider a two-dimensional calculation. This implementation

would improve the accuracy of the PPM, showing the expected light curves from rapidly

rotating NSs.

In addition, future versions of the Ujti software could include an integral visual

feedback of the hotspot and the NS surface. Currently, both are individually observed

through graphic modules, but combining these would simplify the visibility of the rotating

hotspot. Furthermore, the visualization only considers the region that emits light, but

does not consider the appearance of the NS and hotspot for a distant observer, where

gravitational effects alter the shape of both and the intensity of the emitted light.

Although these implementations are considered important to fully take advantage of

the Ujti software, the included modules are sufficient to produce reliable light curves to

compare with. As such, the following chapters will focus on the analysis of the PPM

produced for the objectives of this investigation.
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5 Position and shape of the hotspot

To model the flux of emitted light from a hotspot, the Ujti software considers a distant

observer with a finite plane of view. This plane is pointed so that its center is normal to

the center of the NS. In addition, the radius of the star is defined as R = 1, such that the

mass and metric potentials are also converted to ”units of the radius” (M →M/R). With

these redefinitions, the fluxes do not depend on the solid angle or the distance that the

NSs have for a distant observer.

In figure 5.1, the inclination i is the angle between the equatorial plane of the NS

and this line of sight. The η and γ are the coordinates of this observation plane. The

resolution of the modeling is based on the number of divisions of these coordinates. While

the NS rotates around the z axis with a Ω angular speed, the hotspot represented by

the white cap in the figure also rotates. The angular position of its center is given by

Θ, while the angular aperture of a circular hotspot is given by ζ. Ujti considers the

Figure 5.1: Diagram of the setup for PPM with the Ujti software. Reprinted from Oliva
and Frutos-Alfaro 2021.
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photons positioned at the observational plane and directed normally towards the NS. The

trajectory of the light is calculated with the geodesics in each instant and position. If the

light reaches the area of the hotspot, it is considered as part of the received flux. As the

theory of gravitation modifies the spacetime near the NS, the trajectory of light bends and

other photons are capable of reaching the hotspot. Although this calculation considers an

inverted direction of movement of light, the result is the same as that of the real emission

phenomenon.

5.1 Angular position of the hotspot and inclination of the

observer

As stated in 1, the magnetic polarity of the NS is still under investigation (Ornes, 2020),

but the antipodal configuration of a pair of hotspots is still accepted as the main proposal.

In this model, the hotspots are not aligned with the axis of rotation of the NS, but the

angular position Θ is considered constant throughout the phase. Therefore, the appearance

of the hotspot in the observational plane changes, which results in variation of the flux

received. Furthermore, the gravitational curvature of spacetime, redshift, and time dilation

near the NS cause bending of the light, modifying the amount and energy of the photons

received.

In addition, if the observer is at a different inclination, the received photons travel a

different path from the observer to the new observational plane. If the inclination moves

the observer towards the angular position of the hotspot, a higher flux than in other

inclinations would be detected when the hotspot is on the front side of the NS. When it

is on the far side, the higher inclination allows the observer to receive light from the back

and the flux also increases. If the flux variations are compared, the flux received when

the observer is on the equatorial plane would fluctuate more than at a higher inclination.

However, gravitational effects must always be considered while the light travels from the

hotspot to the observer.
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5.2 Hotspot shape

Although a circular hotspot is the most common shape considered for a hotspot (Bachetti

et al., 2010), magnetic polarity variations could cause them to have different shapes and

sizes. A crescent moon shaped hotspot is achieved in the Ujti software if two circular

shapes are modeled to overlap on the surface of the NS. One of the circular surfaces

partially eclipses the other, using different angular positions. In addition, the angular

apertures of a singular circular hotspot or the overlaped surfaces that produce the crescent

moon define the size of the hotspot, which also affects the received flux.

5.3 Choice of optimal hotspot and observer configurations

The Ujti software was initially developed to allow the user to set the angular position and

aperture of the hotspot, and the inclination of the observer. To achieve the objectives of

this investigation, the software was modified to allow the configuration of different hotspot

shapes. During the testing phase, pulse profile models including hotspots with angular

apertures of 1◦ and 10◦ were independently simulated. The angular position of these

hotspots was always fixed to 30◦ from the rotation axis. The inclination was varied from

the equatorial plane to 50◦ by intervals of 5◦.

The light curves produced by the 1◦ aperture sized hotspots had strong variations

between the smallest time intervals (frames), as shown in figure 5.2a. It was found that

his occurs when the resolution of the observational plane is not sufficient to register the

correct shape of the hotspot in certain frames of the phase. However, the overall trend

of the light curve is similar to those expected from a bigger hotspot. The amount of flux

received by the smaller aperture was compared to the maximum flux received from a 10◦

aperture sized hotspot to demonstrate that the software recognizes the size differences. As

figure 5.2b shows, using the 10◦ sized hotspots corrected the strong fluctuation, showing a

smoother light curve. The computational resources were then focused on testing different

shapes for the hotspot and observer inclinations. The comparison in figure 5.2c exposes
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that crescent moon shaped hotspots produced the same behavior for the light curves

as circular cases, but with an expected reduction in the flux. Thus, to maximize the

comparison capacity, circular hotspots with a 10◦ aperture were selected as the shape for
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Figure 5.2: a) Light curves plot for two EoSs, considering a circular hotspot with a 1◦

angular aperture. b) Light curves plot for two EoSs, considering a circular hotspot with a
10◦ angular aperture. c) Light curves plot for two EoSs, considering circular and crescent
moon shaped hotspots. d) Light curves plot for one EoS, considering different observer
inclinations.
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the PPM.

Figure 5.2d shows the highest flux fluctuation was obtained with the i = 0 configuration.

Therefore, it was selected as the first inclination for the EoS and metrics comparisons. For

the second inclination chosen, an intermediate value was considered, as these show the

average behavior of the light curves in real observation data. Thus, the configuration with

i = 35◦ was selected. With these geometrical configurations decided, the investigation

focused on the comparison between light curves resulting from different EoSs and metrics

configurations.
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6 Effects due to the Neutron Star internal
composition

6.1 Chosen equations of state

The numerical method used by Doneva et al. 2013 to describe the spacetime near the

NS needs a polytropic equation of state as input. The polytropic parameters used by the

numerical method were initially cataloged in Read et al. 2009, but the list has been updated

to consist of recently verified EoSs (Kumar and Landry, 2019). This verification is done

by comparing the theoretical mass and radius of the NS for the EoS and their real values,

derived from NICER observations (Raaijmakers et al., 2021). To ensure the optimization

of the computational resources available, two EoSs were considered sufficient to show

the differences between the light curves in the classical GR theory and the variations

introduced with the implementation of the Scalar-Tensor Theory, while using numerical

methods to the solutions of the Einstein field equations. The EoSs used are commonly

abbreviated as BSk22 (Goriely et al., 2013) and SLy9 (Douchin and Haensel, 2001).

The SLy9 EoS is based on the Skyrme effective nucleon-nucleon interaction, a model

based on zero-range forces used in the energy density functional approach to approximate

many-body nuclear systems (Skyrme, 1958). The SLy9 EoS and similar variations, known

as the SLy family, were developed in the École Normale Supérieure (ENS) de Lyon around

2001. The modified interaction was developed mainly in Chabanat et al. 1997 and was

implemented in the EoS of NSs in the following years. The variation results from a

revision in the isospin dependence and the consideration of a neutron-rich environment.

The reduced fraction of protons compared to neutrons in the core needed modifications in

the equilibrium of the β decay. Specifically, the SLy9 EoS is a parameterization variant

used for unified descriptions of the core and crust of stellar remnants. The SLy family of

EoSs presents a lower stiffness than the newer BSk variants, thus resulting in denser NSs.

The Brussels-Skyrme (BSk) family of EoSs was developed at the Université Libre de
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Figure 6.1: Mass to radius plot for the chosen EoSs. Observational data of several NSs
with varied uncertainties in mass and radii are included.

Bruxelles in Belgium and the Université de Montréal in Canada. They are also based on the

Skyrme interaction, but implemented additional knowledge on the microscopic calculations

of the behavior of pure neutron matter. They include a richer variety of nuclear shapes,

like the pasta phases, throughout the core and crust of the NS. A modification in the

supposed cost of energy to deviate the system from the isospin symmetry, known as the

symmetry energy, causes the BSk22 EoS to be stiffer than other EoS proposals. The BSk

family explores different values for this symmetry energy, with eight (BSk19 to BSk26)

variations proposed between Goriely et al. 2010 and Goriely et al. 2013.

It is seen in figure 6.1 that, for an NS with a mass near 2.08 M⊙, the equatorial

radius for the BSk22 EoS is nearly 1 km bigger than the SLy9 variant. Subsequently,

the density of the SLy9 based NS would be higher, curving the spacetime more than the

BSk22 one. As such, more photons are received by the observer from the SLy9 case when

the hotspot moves to the far side of the NS. These two different radii are possible limits

for a broad range of values for an NS, such as those in the range of uncertainty for the

pulsar PSR0740+6620 (Dittmann et al., 2024), allowing the analysis of distinct profiles
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for the light curve plots.

6.2 Comparison of equations of state with an observer in the

equatorial plane

Using the Schwarzschild numerical solution to the field equations and the two chosen

EoSs, the Ujti software was configured to simulate a circular hotspot with a ζ = 10◦

aperture, with its center at Θ = 30◦ from the rotation axis of the NS. Additionally, the

inclination i of the distant observer was varied to study the differences in the light curves

formed. Initially, the distant observer was positioned looking directly at the equatorial

plane (i = 0).

Through this perspective, the hotspot remains a long part of the phase behind the

NS, where the flux reaches its minimum. The curved spacetime near the NS prevents the

flux from disappearing completely. However, due to the different density, the light curves

for the chosen EoSs are different, as shown in figure 6.2. As stated in chapter 5, the flux

of light has been normalized to eliminate the effect of the solid angle and distance of the

NS, as seen by the observer. Therefore, the differences in the flux are mainly based on

two factors: first, the compactness of the NS, related to the results of mass and radius

due to the EoS and the solution of the Einstein field equations. The second factor is the

curvature of the spacetime near the stellar remnant, which is based solely on the chosen

theory of gravitation.

Normalizing the flux with the maximum value obtained with the BSk22 EoS and using

it as a reference for the light curve of the SLy9 case, the results are as expected. The

denser NS curves the spacetime in its surroundings more than the sparser one, causing a

higher deflection of light. When the hotspot is on the far side of the NS, this deflection

allows more photons to reach the observer. In contrast, when the hotspot is directly in

front of the observer, the gravitational redshift and time dilation cause the light from the

denser NS to be dimmer. This is the same principle that governs the effect of a black hole,

where no light emitted inside the event horizon reaches the observer due to the extremely
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Figure 6.2: Light curves plot for the classical case of the chosen EoSs, as observed by a
distant observer located in the equatorial plane.

high gravitational field. However, this effect is not the same through all the possible

inclinations from which an NS is observed.

6.3 Comparison of equations of state with an observer at a higher

inclination

In the majority of real cases, the observer is not perfectly aligned with the equatorial

plane of the NS. If the angular position is moved towards the pole of the same equatorial

hemisphere where the hotspot resides, the amount of photons that are received while the

hotspot is on the far side increases. Using the Ujti software to simulate an observer with

a 35◦ inclination and keeping the hotspot with the same angular aperture and position,
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Figure 6.3: Light curves plot for the classical case of the chosen EoSs, as observed by a
distant observer with a 35◦ inclination.

a deeper analysis was achieved through the resulting light curves, shown in figure 6.3. A

rotation towards the angular position of the hotspot means that the difference between the

minimum and maximum values of the flux decreases, but the light curves maintain their

oscillatory shape. In addition, an interesting divergence from the previous case appears.

These light curves show a strong difference in comparison to the equatorial plane view.

The denser NS maintains a lower flux for the emitted light than the other modeled remnant

throughout all of the rotation. This discrepancy is explained as follows: in the equatorial

case, a section of the hotspot is unable to send light to the observer while it is on the

far side of the stellar remnant. Even with a curved spacetime, some of the light does not

reach the observer. In contrast, at higher inclinations, the entire hotspot remains visible

throughout the entire phase. As such, the gravitational redshift and time dilation govern
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the flux variation, causing the denser NS to have a dimmer apparent hotspot. The strong

gravitational field also causes the compact object to appear smaller, but this effect is far

weaker than the two previously stated. Therefore, the section of the light curve with the

apparent minimum must be studied differently depending on Θ, ζ, and i. Additionally,

the light curves show the different compactness possible for NSs as a result of the selection

of the EoS and its stiffness due to the proposed internal composition. This is what allows

NICER observations to rule out EoSs.



34

7 Effects due to the Theory of Gravity

7.1 Scalar-Tensor Theory Configurations

In chapter 2 it was stated that the two-parameter theory has a variation in which the α

parameter is considered constant and the scalar field has a mass. As such, it depends on

the values of β and mϕ, which cause different descriptions of spacetime. These variations

then affect the density of the NS and the gravitational effects perceived by the emitted

photons from the hotspots.

Thus, it was suggested that changing the parameters would result in different pulse

profiles. Based on the reported mass of PSR0740+6620 (Dittmann et al., 2024), the

modified version of the RNS software (Doneva et al., 2013) was used to obtain several

datasets using the two chosen EoSs and a pair of STT configurations. When the pulse

profiles were produced through the modified Ujti software, they were found to be different

from the original cases for each chosen EoS. As such, a greater series of STT configurations

was then proposed. If the parameters were heavily modified and the results were diverse,

the analysis would then focus on particular cases in which two or more light curves based

on different configurations show similar behavior.

Unlike the scalar field mass, the β parameter is not related to the V (ϕ) potential. As

such, it is present in all the region surrounding the NS and modifies spacetime through the

entire of the photon trajectory. Thus, it is strongly related to the gravitational effects that

reduce the light flux received by the observer. To understand the behavior of the profiles

with different values of β, a range from β = −5.0 to β = −15.0 was considered. As the

Cassini experiment proved a restriction in the possible values of β when a massless scalar

field is considered (Bertotti et al., 2003), higher negative values were only considered when

mϕ was not zero.

The scalar field mass limits the range of the STT modifications on spacetime. As mϕ

increases, the Compton wavelength λC decreases, causing the gravitational effects to be in
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proximity of the NS. The values of mϕ = 0, mϕ = 0.074, and mϕ = 0.15 were considered.

As this parameter increases, a higher negative value of β is needed to observe significant

differences with the light curve related to the classical theory of gravitation. However, the

configurations with mϕ = 0.15 were chosen with β values that were too low for this scalar

field mass, as β = −15.0 still showed light curves similar to the original GR configuration.

As such, the chosen values for the scalar field mass were only the former two, leaving cases

with higher values for both parameters for further investigations.

As different EoSs produce different light curves, the analysis of the variations in the

pulse profiles owing to the choice of metric must be studied, including the possibility of

different effects depending on the selected EoS. As such, the results in this chapter are

divided by the EoS used, in order to show the similarities and differences on the behavior

of the light curves.

7.2 Comparison of spacetime metrics for BSk22

As stated in chapter 6, an NS described by the BSk22 EoS is a higher radius and lower

density case. A variation in the metrics that describe the spacetime must produce a more

compact stellar remnant to maintain a NICER compliant configuration. In addition to the

Schwarzschild solution, massless STT solutions with β values of β = −5.0 and β = −6.0

were considered, reaching the minimum value of this parameter for the massless alternative

case. For STT solutions with a scalar mass of mϕ = 0.074, values β = −7.3, β = −8.0,

β = −12.0, β = −13.0, and β = −14.0 were chosen. The values of β were restricted

to keep the resulting light curves similar to those of the other EoS studied. All of these

possible scenarios were studied in the two chosen inclinations.

7.2.1 Comparison for BSk22 with an observer in the equatorial plane

As before, a hotspot with ζ = 10◦ and Θ = 30◦ was added to the Ujti simulation and

plotting. All of the produced light curves for this scenario are shown in figure 7.1.
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Figure 7.1: Light curves plot for the BSk22 EoS case of the chosen metrics, as observed
by a distant observer located in the equatorial plane.

The behavior of each light curve is broadly different, but some of them share certain

similarities. Compared with the classical solution, the effects of β andmϕ produce a variety

of deviations. For the case of a massless scalar field, the choice of a negatively higher β

shows the effects on the entire spacetime. Even in an equatorial view, the solution with

β = −6.0 (orange curve) has a strong dominance of the gravitational redshift and time

dilation effects, causing the curve to be dimmer than the General Relativity one (green

curve) in all of the rotation. The β = −5.0 case (purple curve) presents a brighter hotspot

when it is right in front of the observer, showing a reduction on the NS compactness for

this scenario. This means that this configuration moves away from the SLy9 EoS light

curves. However, the reduction of the compactness of the NS may be favorable for other

EoSs, bringing them closer to NICER compliant results.
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When a scalar mass is added to the STT, the variation in spacetime is stronger near

the center of the NS, causing the light curve to return to a behavior similar to the green

curve. For a value of mϕ = 0.074 the negatively lower values of β keep a similar behavior

to the previously discussed case of a massless scalar field solution and a small value of β.

Negatively increasing the value of β affects the whole spacetime, causing a reduction

in the apparent flux of the hotspot. Interestingly, this effect is not as strong while the

hotspot is emitting away from the observer, behind the NS. Thus, the variation in the

compactness of the NS is more evident when a scalar field mass is added. However, in

contrast to previous cases, the density of the stellar remnant seems to increase. As the

optical path from the far side of the NS is longer, the accumulated effect of the gravitational

redshift and time dilation should make the curves of the cases with negatively higher β

much dimmer. However, the light curves for β = −12.0, β = −13.0, and β = −14.0 are

very close to the green light curve, specifically when the hotspot is on the far side. This

means that, even though the effects cancel each other out, the internal composition of the

NS must be one that causes it to be denser. As such, these findings demonstrate that both

parameters β and mϕ have an effect on the compactness of the NS, while also affecting

the spacetime around it. The specific configuration of both may cause the remnant to be

denser or slightly sparser.

Moreover, the manipulation of the light curve through the choice of parameters becomes

a proof of the possibility of multiple configurations with similar results. This shows that,

given an observation from NICER or any other instrument, the received flux and the

inferred mass and radius may be caused by an unknown or discarded EoS, for which the

parameters β and mϕ of the spacetime modified the expected light curve, confusing it with

another EoS with a similar light curve for the classical solution.

7.2.2 Comparison for BSk22 with an observer at a higher inclination

For an inclination of the observer at 35◦ above the equator, the light curves show the

same trend from the classical case studied in chapter 6, as shown in figure 7.2. As the
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entire hotspot becomes visible through all of the rotation, the gravitational redshift and

time dilation have the greatest influence on the light curves. With these effects on place,

it is easier to show that an increment in the mass of the scalar field reduces the spacetime

divergence from the classical case, while a negative increase in the β parameter augments

the gravitational influence of the spacetime between the NS and the observer.

However, the purple curve again shows that β does not only affect the spacetime of

the whole region, as the compactness of the NS appears to be lower for this value. In

contrast, the value of mϕ seems to also reduce the compactness of the stellar remnant, at

least in cases where the value of β is closer to zero. Unfortunately, for a given observation

of an NS, the inclination of the observer is confined to a single possibility, as the position

of the pulsar relative to the observer will not change, possibly changing until immense
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Figure 7.2: Light curves plot for the BSk22 EoS case of the chosen metrics, as observed
by a distant observer with a 35◦ inclination.
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intervals of time. Because of this, the received light curve data must be treated solely for

the respective inclination simulation, and an entire comparison of the light curve behavior

would need several sources with very similar characteristics. Additionally, the radius

and distance of each NS will most likely be different, which is not considered in these

calculations. Therefore, further investigations must study the implications of assuming

the same solid angle for comparisons of the light curves.

7.3 Comparison of spacetime metrics for SLy9

As the β and mϕ parameters are related to the properties of spacetime, it is assumed that

choosing repeated values for both will always give similar results, showing independence

from the EoS selected for the simulation. Although the composition of the NS may be

modified by the behavior of its surrounding spacetime, the STT does not cause a high

divergence from the classical solutions. Therefore, the variation in internal composition

should not be too different from the originally expected result. However, the shape of the

light curves has non negligible differences between the BSk22 EoS and the SLy9 case.

As stated in chapter 6, the SLy9 EoS resulted in a denser NS for the classical GR

solution. The stronger gravitational influence caused by the compactness of the stellar

remnant leads to variations in the effects of the STT configuration. To obtain a good

comparison between the cases, the paired values of β and mϕ were selected. However,

the cases with β = −12.0 and β = −13.0 were omitted. As the behavior of a negatively

increasing β was already demonstrated, the use of the available computational resources

was considered more valuable in other investigations.

7.3.1 Comparison for SLy9 with an observer in the equatorial plane

Using the same hotspot profile as in the previous simulations, the resulting light curves

for an observer on the equatorial plane are presented in figure 7.3. It is observed that,

ignoring the absence of two light curves, this plot shows significant differences compared

to the one in figure 7.1. The NS for the SLy9 EoS is denser in the classical case, but adding



7 Effects due to the Theory of Gravity 40

0.0 0.2 0.4 0.6 0.8 1.0
Phase

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Fl
ux

 [a
rb

itr
ar

y]

EoS=SLy9 Classic GR
EoS=SLy9 =-5.0 m =0
EoS=SLy9 =-6.0 m =0
EoS=SLy9 =-7.3 m =0.074
EoS=SLy9 =-8.0 m =0.074
EoS=SLy9 =-14.0 m =0.074

Figure 7.3: Light curves plot for the SLy9 EoS case of the chosen metrics, as observed by
a distant observer located in the equatorial plane.

the STT causes a reduction in compactness. Taking in exception the case of β = −14.0,

all of the light curves related to the alternative theory are dimmer while the hotspot is in

the far side of the pulsar, and brighter when it is pointing to the observer. This does not

mean that the gravitational effects disappeared, as the orange light curve is lower than the

others produced by the STT, still excluding the green curve. This result is satisfactory,

as the parameter β has been shown to increase spacetime effects throughout the modeled

region.

Thus, the behavior of spacetime and the NS follows the same trend as present on

the previous simulation. However, the magnitude of the effects varies, showing that the

internal composition of the stellar remnant causes differences on the influence of the STT.

These variations may be proportional to the compactness of the NS for the classical case,
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since the two EoSs used form NSs with significantly distinct radii, given the mass chosen.

Other EoSs with similar and diverse mass to radius curves may give a deeper insight into

this hypothesis and should be explored in future investigations.

Regarding the light curve of the case with β = −14.0, the most interesting remark is the

position of its minimum and maximum, phase wise. This effect was also present in figures

7.1 and 7.2, but was not as evident. The shift of the curve is explained by considering the

gravitational time dilation in the modeled setup. As the value of β becomes negatively

higher, the gravitational effect increases, causing the light to travel for a longer time. This

effect is present in all cases, but becomes noticeable when compared to other cases with

a significant difference in the gravitational influence. However, it must be noted that this

shift would not be observed when receiving data from a real NS. As the beginning of the

phase in the plot only depends on the moment the observation starts, it becomes relative

to the instrument measurement. Additionally, for a given observation, only one curve will

be obtained, and the shift would become impossible to perceive. Therefore, the phase

shift only becomes relevant in a theoretical scenario.

Finally, the behavior of the flux for this last configuration follows the same trend as in

the case of the BSk22 EoS. The NS becomes denser, but the gravitational effects lower the

light curve. The redshift and time dilation cause the flux to go lower than the minimum

of the purple curve, which did not happen in the previous simulation. This is another

example of the variation in the magnitude of the effects due to the choice of parameters

in the STT.

7.3.2 Comparison for SLy9 with an observer at a higher inclination

As the light curve profiles had a divergence for the equatorial observer, studying the

differences in another inclination is necessary to comprehend if the changes spread to

other observation cases. The results of simulating an observer 35◦ above the equator are

shown in figure 7.4. Again, the overall difference between minimum and maximum flux

decreases, but the reduction in the angular position between the line of sight and the
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position of the hotspot also reduces the effects of the compactness of the NS, favoring the

gravitational effects in spacetime and, subsequently, the path of the emitted photons.

For the purple curve and the cases with β = −7.3 and β = −8.0, both with a model

withmϕ = 0.074, the trend stays the same. The magnitude of the effect differs, causing the

light curves again to separate more from the classical case. The model involving β = −13.0

behaves just as in the BSk22 simulation, with a dimmer light curve due to the redshift

and the time dilation. The most extreme divergence comes from the orange curve. In the

configuration with the BSk22 EoS, the light curve remained below the classical scenario for

the entire phase. However, the same parameters for the STT cause a different effect with

the SLy9 EoS. The minimum flux increases significantly, and the maximum flux becomes

dimmer. This is characteristic of an NS with lower compactness, but the gravitational
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Figure 7.4: Light curves plot for the SLy9 EoS case of the chosen metrics, as observed by
a distant observer with a 35◦ inclination.
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influence is not as strong as in the previous EoS. As the parameter β is closely related to

the spacetime distortion, it is surprising that negatively increasing its value results in a

stronger effect on the internal composition of the stellar remnant.

7.4 Implications on NICER observations

The main concern introduced with this study is the possibility that discarded EoSs could

produce a light curve that complies with NICER observations. These EoSs were supposed

to inaccurately describe the interior of the NSs because their expected profiles were too

different from the data received from NICER. However, these profiles were only based on

the unmodified GR.

A series of profiles like those found in the previous section show the vast possibility

of variations that surge as a result of adding the scalar field to the theory of gravity.

Additionally, the choice of EoS has a strong impact on the appearance of unexpected

behaviors. If STT or any other alternative theories are shown to describe spacetime near

compact objects more accurately, the culling process currently done by NICER could be

wrong. As such, the analysis of more EoSs is recommended as a follow up investigation,

with the exploration of discarded EoSs as one of the objectives. Furthermore, different

values ofmϕ, with proposed values of β that are considered relevant, should also be studied.

Specifically, choosing a higher mϕ to review the cases where the values of β produce a

light curve similar to the extreme cases shown in this research.
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8 Indistinguishability of Light Curves

8.1 Choice of parameters

Chapters 6 and 7 focused on the variations of the light curves in the cases of different

EoSs and theories of gravitation. As both fields await a definitive solution, an arbitrary

configuration of their factors remains possible. This allows for the exploration of a series

of configurations with the objective of finding two or more cases where their corresponding

light curves become indistinguishable. If this effect appears frequently, the observation

of pulse profiles would need more theoretical knowledge or technological improvements to

continue filtering the possible interior composition of the NSs.

Although some profiles have already been found to be similar, such as in figures

7.1, 7.2, and 7.3, they correspond to cases where only the parameters β and mϕ were

modified. As such, they are uniquely based on the STT and would not be enough to

re-evaluate the filtering of EoSs. Therefore, the most significant cases are those in which

two indistinguishable light curves have configurations that use different EoSs, regardless

of the values of the alternative theory parameters.

As found in chapter 6, the compactness of an NS described by the SLy9 EoS was

proven to be higher than those of the BSk22 case with the same mass. Introducing STT

caused similar dimming effects in the light curve, when using negatively higher values of

β. Based on these results, the BSk22 EoS was used alongside STT to search for cases with

light curves similar to the profiles related to SLy9. The objective was to find a scenario

where one or more modified configurations based on the BSk22 EoS coincide with the

result found using the SLy9 EoS and the classical theory of gravitation.

Profiles closer to indistinguishability were found in available configurations of BSk22

with negatively higher β, just as expected. The most extreme case of a massless scalar

field, in which β = −6.0, remained closer to the light curve for BSk22 with the classical

theory. Therefore, cases with a scalar field mass of mϕ = 0.074 were needed to achieve
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the objective. The parameter β was negatively increased until satisfactory results were

found, with β = −12.0 being the closest. The case with β = −13.0 was also studied, to

explore the comparison with even higher negative values of this parameter. These results

will be thoroughly analyzed in the following sections.

Although an indistinguishable comparison between a profile based on BSk22 with an

alternative theory of gravitation and one based on SLy9 with the classical GR was the main

objective, an interesting similarity was also found between two lightcurves with different

EoSs and both using the STT. This case of possible degeneration, which involves a profile

based on SLy9 and with a massless scalar field and β = −6.0, will also be discussed.

Finally, the light curve corresponding to the SLy9 EoS and the values β = −5.0 and

mϕ = 0 was also included to compare it with the light curve based on the BSk22 EoS

using the classical theory of gravitation. This inverted configuration was simulated to find

variations in the relative difference of the light curves. A significant variation shows the

sensitivity of applying alternative theories of gravitation to systems based on other EoSs.

8.2 Comparison of pulse profiles

As in the last two chapters, the simulations of the light curves considered the two already

established observer inclinations: the equatorial plane and the one 35◦ above the equator.

In addition, the same hotspot Θ and ζ were used. However, since the comparison is

between profiles with different EoSs, the light curves were normalized using the maximum

value of flux for the BSk22 EoS using the classical theory of gravitation. As this configuration

results in the sparer NS, it has the greatest maximum flux from all the chosen light curves.

The same normalization was implemented in chapter 6, so the two profiles related to GR

for each inclination have the same flux as in figures 6.2 and 6.3. Additionally, the light

curves related to the BSk22 EoS were assigned to dashed lines to better differentiate them.
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8.2.1 Comparison with the observer in the equatorial plane

It was found in chapter 5 that the equatorial view presented greater contrast between the

minimum and maximum fluxes compared with other inclinations. As such, this perspective

is advantageous to find a strong degeneracy between curves. Figure 8.1 plots the profiles

for the seven chosen configurations and separately includes a plot of the relative difference

between three of them and the profile related to the SLy9 EoS and the classical theory

of gravitation, represented in the blue horizontal line. These three include the difference

from the light curve obtained using the same gravitational theory but with the BSk22 EoS,

shown with a green curve. The solid orange curve shows the variation from the case for a

profile obtained from the SLy9 EoS and considering a massless scalar field with β = −5.0.

Lastly, the red line plots the difference with the most similar light curve of the group:

the result of an NS described by the BSk22 EoS in a spacetime with a scalar field that

complies with β = −12.0 and mϕ = 0.074.

One of the most important observations from the results shown in figure 8.1 is that

the light curves produced due to the modification of the classical description of spacetime

partially overlap with others from a different EoS. This means that the comparison of the

compactness of the NS becomes less obvious, as the gravitational effects on the flux are not

only caused by the stellar remnant. The EoSs used in this research were chosen because

their light curves were known to be significantly different, as mentioned in chapter 6. If

other EoSs describe profiles closer to the individual results of these two, the intertwining

would be even stronger.

However, it should be noted that none of the chosen configurations was able to maintain

a similarity with the original SLy9 related light curve when the hotspot was located on

the far side of the NS. Furthermore, all of them had lower flux values, which seems to

impose a limitation on the results from profiles with a modified theory of gravitation for

this inclination. This effect was also present in figure 7.3, but was not found in figure 7.1.

Thus, this behavior may depend on the EoS used. Further studies should focus on finding

possible answers to this effect by exploring additional EoSs.
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Figure 8.1: Upper panel: Light curves plots for particular cases of the chosen EoSs and
metric configurations, as observed by a distant observer located in the equatorial plane.
Lower panel: Relative flux comparison plots of specific cases of the configurations.

Regarding the light curve of a case based on the SLy9 EoS and a massless scalar field

with β = −5.0, represented by the purple curve, it shows a strong similarity with the

green dashed line when the hotspot is on the far side of the NS. The difference between

them increases as the hotspot points towards the observer but remains smaller than the

difference between the two cases where no alternative theory is considered and the EoSs

are not the same. As such, this opens the possibility to other results where the light curve

related to an EoS that typically produces denser NSs becomes indistinguishable with the

curve of another EoS due to the modification of the theory of gravitation considered in

the scenario.

The dashed yellow profile, related to the BSk22 EoS and the STT with parameters

β = −13.0 and mϕ = 0.074, shows that using further values of β reduces the flux of the

light curve when the hotspot is pointing towards the observer. The gravitational redshift

and time dilation are the main reason for this behavior. This is not a restriction on the
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value of β, but would push the light curves away from indistinguishability for the particular

case of this investigation. Thus, it shows that β would need to remain in a certain range

for a given scalar mass to keep the profiles similar to a targeted curve. A similar conclusion

is found from the dashed orange curve, which shows, for a BSk22 related NS, the highest

negative value of β for a massless scalar field theory (Bertotti et al., 2003). This profile

remained similar to the green one, obtained from a spacetime described by classical GR.

As cases with a non-zero mϕ were capable of showing curves closer to others related to

different EoSs, it is shown that the presence of a scalar field mass significantly expands

the possibilities of indistinguishable pulse profiles.

The second plot of figure 8.1 shows how the red curve, related to the difference

between the red and blue light curves in the top plot, increases the similarity of profiles

from different EoSs. As mentioned previously in this chapter, the green curve shows

the difference between the light curve of a hotspot from an NS described by the BSk22

EoS and one described by the SLy9 EoS, both using the classical theory of gravitation.

The maximum difference between these lightcurves was one of the greatest between all

the profiles studied. The red curve, derived from a profile with the BSk22 EoS, has a

maximum difference of half that of the green curve. Thus, the implementation of the STT

is capable of improving the similarity between light curves, demonstrating the possibility

of having indistinguishable pulse profiles. Furthermore, the difference represented by the

orange curve, based on an SLy9 EoS described NS, has a greater maximum difference

than the red curve. This validates that modified solutions to the spacetime equations

cause degenerate cases where the light curve of one EoS behaves as the light curves of

another EoS. The indistinguishability between the light curves related to these two curves

will be further explored in the next section of this chapter.

The qualitative results obtained prove the results that were expected in this study. In

addition, the similarities found in the equatorial plane are less pronounced than in other

perspectives. The received flux is lower than in other cases, as the hotspot does not point

directly towards the observer. This effect increases while the hotspot moves towards the

far side of the compact object. As such, the deviation of light due to the curved spacetime
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plays a major role in the flux variations, causing greater differences with slight changes in

the density of the NS and the description of the spacetime surrounding it. However, the

chances of finding an NS with a zero inclination are quite small compared to all the other

possible scenarios. Therefore, a higher inclination produces light curves that are harder

to distinguish, as will be shown below.

8.2.2 Comparison with the observer at a higher inclination

Considering a second inclination expands the comparative analysis of the pulse profiles.

In this case, the gravitational effects on the trajectory and flux of emitted light govern

the behavior of the light curves, as discussed in chapter 6. As the modification of the

spacetime description is directly related to these phenomena, profiles using the STT are

more affected than those using the classical theory of gravitation. Furthermore, it was

found in chapter 7 that light curves related to the same EoS and observed in a higher

inclination generally held their relative flux difference throughout the entire phase. This

is seen in figure 7.2, where the lower light curves do not cross each other. As these findings

are related to the inclination of the observer, the analysis of indistinguishability was also

done on the case of a distant observer 35◦ above the equator of the NS. The results of this

study are shown in figure 8.2. The color code of the configurations is the same as in figure

8.1.

As a preamble to the degeneracy discussion for this inclination, it should be noted

that the green and purple curves follow a similar comparative trend as in the case of the

observer in the equatorial plane. Although both profiles do not share similar normalized

fluxes, the purple curve reduces the relative difference between the blue light curve and the

green light curve, showing that the addition of a scalar field is also capable of producing

a brighter profile. As argued in chapter 7, EoSs that were supposed to result in too

dense NSs may generate light curves that are compliant with NICER observations if a

modification to the theory of gravitation is considered.

Taking into account the dashed orange curve, there is an increase in similarities to
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other profiles as a result of changing the inclination of the observer. Unlike the case of the

equatorial plane view, this BSk22 related light curve is the most similar of all profiles to

the classic SLy9 light curve when the hotspot is on the far side of the NS, emitting away

from the observer. However, the relative difference between these two normalized fluxes

grows quickly as the hotspot rotates towards the observer. This does not show the targeted

indistinguishability between the chosen EoSs, but gives an example of how versatile the

light curves related to STT are. The dashed yellow curve, related to the highest value of

β = −13.0 considered for the cases with mϕ = 0.074, reinforces this idea, as it becomes

similar to the blue curve exclusively during the lapse where the hotspot moves towards

the observer, before it emits to the front. Fine tuning of the STT parameters for each

EoS greatly widens the possibilities of sizes and slopes of the pulse profiles.

Regarding the comparison between the solid blue curve and the dashed red one, their

overall similarity increases, but the regions where the flux difference is higher and lower
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Figure 8.2: Upper panel: Light curves plot for particular cases of the chosen EoSs and
metric configurations, as observed by a distant observer with a 35◦ inclination. Lower
panel: Relative flux comparison plots of specific cases of the configurations.
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are inverted. The most probable cause of this effect is that, as discussed in chapter

6, the compactness of the NS has a stronger influence in lower inclinations while the

hotspot is on the far side of the stellar remnant. At a higher inclination the gravitational

effects become more relevant, showing that the spacetime curvature caused by these

configurations is similar, though different in nature. This behavior supports the proposed

idea of indistinguishable light curves from different EoSs, as higher inclinations are commonly

encountered in observations, and these increase the similarity of curves. Furthermore, the

solid orange curve remains even closer to the dashed red curve in this inclination. These

comparisons are also seen in the lower plot of the figure, which again shows the differences

between normalized fluxes and the configuration using SLy9 and the classical theory of

gravitation, represented by the blue curve. The red and orange curves show a lower

difference while the hotspot is on the far side compared to the equatorial perspective and

a very similar difference while it is on the front. This contrasts with the behavior of the

green curve, which has a positive and significant difference throughout the phase.

It must be reasserted that the light curves in the top plot of figure 8.2 are produced

considering a normalized flux, treating the NSs as equal in radius and distance from the

observer. If this were not the case, the flux values would not be as similar, but the

pattern of the curve would remain. Then, assuming a precise location of the hotspot, a

small variation on the real radius and distance of the NS could bring the observed light

curve closer to one of the modeled curves or the other. As such, the uncertainty of an

instrument such as NICER would need to be really small to guarantee that the calculated

radius and distance from the stellar remnant are sufficiently accurate to correctly identify

the most similar configuration. This uncertainty is then deeply related to the criterion of

indistinguishability, which will be discussed next.

8.3 Relative difference of the most similar light curves

Figures 8.1 and 8.2 show the relative difference when comparing a light curve resulting

from the classical theory of gravitation to certain light curves obtained modifying this
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theory. However, a closer similarity was found between two of these profiles. Each comes

from a different EoS and with different STT parameters, which shows that the internal

composition and the spacetime surrounding a star may differ, but the apparent result for a

distant observer is indistinguishable. Attention must be focused on the limit in which, for

an instrument receiving pulsar emissions, the flux readings would not be able to properly

distinguish the most fitting light curves due to their similarity.

As this study considers normalized flux, the indistinguishability criterion must be

proposed as a percentage of this value. Although further studies must be performed to

implement the effects of rotation, these criteria could set a limit to the ability of NICER

to determine the acceptance of an EoS. Furthermore, it may be used to define an objective

for the accepted uncertainty of a new instrument that will replace NICER in the future.

The inclination of the observer has been proven to alter the amplitude of the normalized

flux oscillations. As such, the indistinguishability criterion will be discussed for the two

inclinations studied. In addition, these criteria consider the proposed size and shape of

the same hotspot that was simulated with Ujti. Therefore, an overall criterion should

consider an extended review of pulsar observations. However, this first approach gives a

reference value for future investigations.

8.3.1 Difference with the observer in the equatorial plane

The configuration using BSk22 as the EoS and a scalar field with parameters β = −12.0

and mϕ = 0.074 is now used as the reference in figure 8.3, represented by the red line on

the horizontal axis. This plot shows the difference between this reference light curve and

three other light curves. The orange curve is related to the configuration with the most

similar light curve, based on the SLy9 EoS and a massless scalar field with β = −6.0. The

green and blue curves are related to the BSk22 and SLy9 light curves, respectively. Both

of these consider spacetime as described by the classical theory of gravitation.

As the differences between normalized fluxes are around a tenth of the maximum

normalized flux, the limitation of a finite calculation becomes more evident in this plot.
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Figure 8.3: Normalized flux differences plot for configurations with the most similar profile,
as observed by a distant observer located in the equatorial plane.

The numerical noise on these curves is formed due to the segmentation limitations of

the expected shape of the hotspot with the available computational resources. A higher

resolution would reduce this effect, but would not significantly change the difference

between the curves.

The green and blue curves in figure 8.3 show how the configuration with a scalar field

is capable of producing a light curve more similar to a configuration with different EoS

than to a profile using the original EoS. However, the most interesting result is found

when comparing the orange curve. In figure 8.1, the difference between the normalized

fluxes of the configurations using GR and different EoS had a maximum value around

10%. In figure 8.3, two profiles using STT and different EoS show differences not greater

than 2.0%. This is then considered the obtained criterion for indistinguishability between
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normalized fluxes when the distant observer is positioned in the equatorial plane. As stated

in chapter 6, BSk22 and SLy9 are EoSs with very different stiffness. Other proposals for the

internal composition of the NS with intermediate stiffness and the correct STT parameter

configuration would produce more indistinguishable light curves. Thus, the identification

of EoSs that are compliant to the observations for slow rotating NSs becomes degenerate.

An additional interesting result is obtained from figure 8.3. The behavior of the green

and orange curves, which come from different EoS, contrasts with that of the blue curve.

Both orange and blue curves are produced by the same EoS, showing that the relative

difference behavior does not depend solely on the EoS describing the NS. Furthermore, a

configuration of the STT parameters is capable of replicating the trend of profiles from

other EoSs.

8.3.2 Difference with the observer at a higher inclination

When positioned at a higher inclination, it was found that the observer receives some

pulse profiles with stronger similarity. As such, a smaller criterion is proposed for this

case. As the vast majority of observations are not aligned with the equatorial plane,

the results obtained by considering figure 8.4 are more beneficial to the definition of

indistinguishability.

When the relative difference used the blue curve as reference, the green curve separated

showed a smaller difference in the equatorial plane view. The same trend is found for

the green curve when comparing it to the modified configuration of the red curve. In

this higher inclination, considering the relative differences between both, the maximum

value is slightly higher and the minimum value has a significant change from a negligible

difference to a variation greater than 40%. This reinforces the idea of a clear distinction

between light curves from an NS described by a certain EoS but with different theories of

gravitation used to describe spacetime.

As discussed in figure 8.2, the red and orange curves show a stronger similarity in this

higher inclination. Interestingly, the relative difference of the orange curve is now always
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positive, showing a higher normalized flux through the entire phase. This similarity is

reduced when the hotspot is on the far side of the pulsar. Thus, the stronger difference

between both configurations is related to the gravitational effects on spacetime, which

govern the flux behavior when the hotspot is pointing towards the observer.

Regardless, the lower relative difference between the orange and red curves causes the

criterion of indistinguishability to be reduced to 1.5%. The maximum relative difference

in the orange curve is almost a tenth of that in the green curve. Furthermore, it is also an

order of magnitude smaller than the relative difference between the blue and green curves.

As such, the ability to differentiate between the correct light curve that fits observational

data would require almost absolute confidence in the values of mass and radius of the star.

One of the most interesting results is that, although the relative difference between
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Figure 8.4: Normalized flux differences plot for configurations with the most similar profile,
as observed by a distant observer with a 35◦ inclination.
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the light curves related to the classical theory of gravitation increases with a higher

inclination, the same kind of difference between two other configurations implementing

the STT becomes more indistinguishable. Therefore, other EoSs would follow the same

trend, even some that have already been discarded based on the observations from NICER.

8.4 Further applications: Filtering of parameters from alternative

theories of gravitation

This investigation has taken into account that, as of the time of writing, there is no

definitive answer to the correct EoS that describes the interior of NSs. Furthermore, it

is not certain whether only one EoS describes all NSs (Verma et al., 2025). In addition,

the parameters of the STT that correctly describe spacetime are still under research. The

mass of the scalar field may also be a variable that could even be related to the matter

that composes the compact object (Niu et al., 2021).

However, if other investigations become capable of finding the EoS and describing

correctly the interior of NSs, the identification of light curves could change its focus

onto the examination of compliant STT parameters. Establishing the bounds on these

parameters through pulse profile observation would contribute in understanding the source

of the scalar field, comparing it with the analysis of STT in other phenomena. This could

also be the case in the research of rapidly rotating NSs, as the scalar field causes additional

effects on spacetime when a rotating mass is taken into account.
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9 Concluding remarks

Ujti, a software package developed to calculate the ray tracing of light through spacetime

and the light flux received by a distant observer, has been modified to read and interpolate

the metric potentials obtained from numerical analysis of the internal composition of an

NS and a scalar field through a modified version of RNSG. By modeling the emission of light

from restricted areas of the surface of the NS, several configurations of shape and angular

aperture for a hotspot, together with different observer inclinations, were simulated to

explore the capabilities of the developed version of Ujti and the resulting light curves.

Successful PPM showed that the software is prepared to support the analysis of light

emitted from various hotspots shapes observed and recognized currently and others that

may appear in the future. Furthermore, Ujti is now capable of processing numerical

metrics with radial dependent potentials. Additional interpolation algorithms to study

two coordinate dependent potentials are already on development.

Taking R = 1 for all simulated NSs, the solid angle subtended by these sources was

considered equal, allowing the study to focus on the effects of internal composition and

spacetime deformation in the calculated light curves. By using the polytropic parameters

of the BSk22 and SLy9 equations of state, it was proven that, while described by numerical

metrics, the EoS stiffness still causes variations in the NS compactness, which affects the

curvature of spacetime near the stellar remnant and the received flux. The variation of

received photons throughout the rotation of the NS also depends on the inclination, as

gravitational effects are predominant when the observed area of the hotspot is similar in

the cases compared.

When including the presence of a scalar field to additionally modify the curvature of

spacetime, it was concluded that the compactness of the NS changes, while the spacetime

curvature is also affected. Thus, the pulse profiles become dependent on the definition of

the parameters related to the scalar field, where the choice of values seems to be capable of

producing increases and reductions in the NS density. Furthermore, the magnitude of the
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modifications in the received flux leads to the possibility of indistinguishable light curves

from different EoS configurations with specific STT parameters.

A series of parameter configurations was explored to find cases that could show signifi-

cant indistinguishability, resulting in strong similarities between light curves coming from

different EoS described NSs. In given cases, indistinguishability criteria were calculated

with values as low as 1.5%, proving the degeneracy problem for the interpretation of

observational data. As a disqualification of EoS candidates is performed using NICER

observations but in comparison with classical GR models, several equations of state may

have been incorrectly discarded without considering the implications of STT or other

alternative theories of gravitation.

However, a revision to the filtering of equations of state would require more information.

The alternative theory considered should previously be validated with other investigations.

This is the case for the STT, as there is still a lack of knowledge about the specific values

of its parameters (Batrakov, A. et al., 2024).

Moreover, this study does not consider the effects on the internal structure and mass

distribution caused by considering the rotation of the NS. These influences also affect

spacetime and should cause significant variations in the profiles. These deviations could

reduce the similarity of the light curves between two different equations of state, removing

the problem of indistinguishable configurations. Thus, further development of the Ujti

software is proposed as one of the main objectives of a future investigation.
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